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1. INTRODUCTION
Ever since the concept of fuzzy sets was introduced by Zadeh [5] in 1965 to describe the situation in which data are
imprecise or vague or uncertain. It has a wide range of application in the field of population dynamics , chaos control ,
computer programming , medicine , etc. Kramosil and Michalek [7] introduced the concept of fuzzy metric spaces (
briefly , FM- spaces ) in 1975, which opened an avenue for further development of analysis in such spaces.
The study of common fixed points with A — contractions is new and also interesting. Works along these lines have
recently been initiated by M. Akram, A. A. zafar, A. A.Siddiqui [6] in 2008 and by Gbenga Akinbo, Memudu O.
Olatinwo And Alfred O. Bosede [4] in 2010.
In this article we introduce a new class of contraction maps, called A — contractions in fuzzy metric space. Under
different sufficient conditions, existence of common fixed point for a pair of maps, four maps and also for a sequence of
maps will be established here. Also it is shown that A — contractions is more generalized than TS — Contraction, B —
Contraction in FM-space. If two fuzzy metrics are given on a set X , which are related, a pair of self map can have
common fixed point though the contractive condition with respect one fuzzy metric is given. Our result extends,
generalized and fuzzifies several fixed point theorems with A — contractions on metric space.

2. PRELIMINARIES
We quote some definition and statements of a few theorems which will be needed in the sequel.

DEFINITION 1.1 [ 2] A binary operation = :[0,1] x [0,1] ——> [0, 1] is continuous t — norm if * satisfies

the following conditions :
(1) * IS commutative and associative,
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(ii) * s continuous,

(iii) a=l=a Vae[0,1],

(iv) a=b<c=xdwhenevera<c,b<dandab,c,de [0,1].

RESULT1.2[3](a)Forany r, ,r, € (0,1)with r, > r,, thereexist r; € (0,1)
suchthat ry = I, >T,,

(b)Forany r; € (0,1),thereexist r; € (0,1)suchthat g = g > 1.

DEFINITION 1.3 [ 1] The 3-tuple ( X, 1, * ) is called a non - Archimedean fuzzy metric space if X is an arbitrary

non-empty set, = is a continuous t - norm and p is a fuzzy set in X 2 x (0, oo0) satisfying the following conditions :

(i) u(x,y,t)>0;

(i) u(x,y,t)="1ifandonlyifx=y;

(i) u(x,y,t)=u(y,x,t);

(iv) p(x,y.s)*u(y,z,t)<p(x,z,max{s,t});
(v) ( ) ( 00)—>(0,l] is continuous ;

foraIIX,y,Ze Xand t,s > 0.

Note that ,u( X,y,t ) can be thought of as the degree of nearness between x and y with respectto t .

REMARK : 1.4 In fuzzy metric space X, y( X,y ,-) is non — decreasing forall x ,y € X and
,u(X,y,t) > ,u(X,Z,t)*,u(Z,y,t)forallx,y,zeX, t>0.

That is, every non — Archimedean fuzzy metric space is also a fuzzy metric space.

DEFINITION 1.5 [ 8 ] A sequence { Xn } 0 in fuzzy metric space is said to converge to x € X if and only if
lim ,u(xn ,x,t) = 1.

n— oo

A sequence {Xn }n in fuzzy metric space is said to be a Cauchy sequence if and only if

n— o

A fuzzy metric space ( X, p,* ) is said to be complete if and only if every Cauchy sequence in X is convergent in
X .

Let R + denote the set of all non-negative real numbers and A be the set of all functions « : Ri — R satisfying
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(i)aiscontinuousonthesetRi.
(ii ) ka>b for some k € (0,1) whenever a>a(a,b,b) or a>ea(b,a,b) or

aZa(b,b,a)foralla,beR+.

DEFINITION 1.6 [ 9] Let ( X, u, *) be fuzzy metric space and T : X — X . T is said to be TS — contractive

mapping if there exists k € (0, 1) such that
k,u(TX,Ty,t)Z,u(X,y,t) vt>0.

DEFINITION 1.7 Let(X ,,u,*) be fuzzy metric space T : X — X . T is said to be B — contractive mapping if
there existsk € (0, 1) such that
kp(Tx, Ty, t) = min{u(x,Tx,t) ,u(y,Ty,t)} V x,ye Xand t>0.

DEFINITION 1.8 A self- map T on a non — Archimedean fuzzy metric space X , is said to be A — Contraction if it
satisfies the condition:

p(Tx, Ty t) > a(u(x,y,t), u(x,Tx,t), u(y. Ty,t))
forall X,y € X andsome ¢ € A.

3. COMPARISON OF A - CONTRACTION WITH SOME OTHER CONTRACTIONS

THEOREM 3.1 Every TS - Contraction is an A — Contraction on non — Archimedean fuzzy metric space ( X, p,* ) ,
where a*b:min{a,b} Vv a,be[0,1]

PROOF. Assume that T on the non — Archimedean fuzzy metric space X is TS — Contraction. Define « : Ri —->R.

1 .
by a(u,v,w) = Emln{v,w} forall U,vV,W e R, with some fixed k € (0 , 1) . Next we show that

a € A.
(i) Clearly ¢ is Continuous.

(ii)1f u > a(u,v,v) then u z%min{v,v} = %
Ifu > a(Vv,u,v) thenu Z%min{u,v} = %.Sothat ku > v.

Similarly, if U > a(Vv,V,u) then ku > v .
So we deduce that & € A. Further, since T is a TS - Contraction, there exists K € (0 , 1) such that
k,u(TX,Ty,t) > ,u(X, y,t)forallt > 0.
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= Ku(TX,Ty,t) = u(x,y,t) = u(x, T, t)* (T, Ty, t )% u(Ty,y,t)
= ku(Tx,Ty,t) =min{u(x, T, t), u(Tx, Ty, t), u(Ty,y.t)}

= u(Tx,Ty,t) = %min{,u(x,Tx,t),y(Ty,y,t)}

= u(Tx, Ty t) 2 a(u(x,y,t), u(x,Tx,t), u(Ty,y,t))
This completes the proof.

THEOREM 3.2 Every B — Contraction is an A — Contraction on non — Archimedean fuzzy metric space ( X, p,* ) ,
where a*b:min{a,b} Vv a,be[0,1].

PROOF. Assume that T on the non — Archimedean fuzzy metric space X is B — Contraction. « : Rf —> RJr by

a(u,v,w) = %min{v,w} forall U,v,w e R with somefixed k (0, 1).

From the proof of the above theorem, we see that o € A.
Further, since T is a B — Contractive, we get

Kp(Tx, Ty, t) = min{u(x,Tx,t) , u(y,Ty,t)} vV x,ye Xand t>0

= u(Tx, Ty t) > a(u(x,y,t), u(x,Tx,t), u(Ty,y,t))
This completes the proof.

4,  SOME FIXED POINT THEOREMS USING A - CONTRACTIONS :
In this section, we give some results on fixed points of A — Contractions.

Let F,G,S and T be self — maps of a fuzzy metric space X satisfying
SX cFX; TX < GX. (1)
Then for any point X € X , we can find points X,, X,,...,allin X , such that
SXg=FX1,Txy=GXo,SXo=FXg3, .

Therefore, by induction, we can define a sequence { Yn } in Xas Y = SX = FXpy41,when N iseven and
n

Yn =T Xy = GXp41, when nisodd, where n=0,1,2,---.

The following theorem establishes existence of coincidence and unique common fixed pointof F, G, S and T where
the union of the ranges of F and G is required to be complete. The set of coincidence points of T and F is denoted
by C ( T,F ) and the set of natural numbers denoted by N .
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THEOREM 4.1 Let F,G,S and T be self-maps of a non - Archimedean fuzzy metric space X satisfying (1) and
forall X,y € X

u(Sx,Ty,t) > a(y(Gx,Fy,t) , #(Gx,Sx,t) ,y(Fy,Ty,t)) - (2)
where o € A. Suppose FX |J GX is a complete subspace of X , then the sets C(T , F ) and C(S ,G)are

nonempty. Suppose further that (T , F )and ( S,G ) are weakly compatible, then F, G, S and T have a unique
common fixed point.

PROOF. Assuming N e N is even, then

,U(ynayn+l’t) = ﬂ(SanTXn+1't)

> a(u(Gxn,Fxn+1,t) , y(Gxn S Xp ,t) , u(Fxn+1,Txn+1,t))
= a(p(yn-1.¥nt) s #(Yacr vnot) s #(Va o ynesst))

= ku(Yn.Yne1ot) 2 #(Vno1.¥nt)

On the other hand, assuming N e N is odd,

ﬂ(YnaYnJrl!t) = ﬂ(TXn’SXnJrl’t)

> a(u(Gxn+1,Fxn ,t) : u(Gxn+1,an+1,t) : y(Fxn T Xp t))
= a(p(yn yno1:t) s #(Ya vnerot)  #(Yao1.vnot))

= kﬂ(Yn7Yn+1't) 2 ﬂ(Yn—lfyn ’t)
Thus whether n is odd or even, we have
1
= ,u(yn : yn+11t) > Eﬂ(yn—lvyn ,t) forsome k € (0, 1).

Inductively, we have

1
k_n ,U( Yo.Y1.t )
t

= nlinooﬂ(Yn1Yn+1’ ):1

= ﬂ(anyn+11t) 2

Observe that { Yn } is contained in FX (U GX . We now verify that { Yn } is Cauchy sequence.

ﬂ(Yn1Yn+p1t)2#(yn')’n+11t)* *ﬂ(yn+p—1'yn+p ’t)

N — oo

= nlinoo#(ynv)’n+p 't) =1
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Therefore {y } is Cauchy and FX UGX is complete, there exists a point pe FX UGX such that

lim yp, = p. Without loss of generality, let p € GX . It means we can find a point g € X such that
X—>0

p=Gq. Putting X=q, Y =Xy, Misodd, into (2) yields

y(Sq,Txm,t) > a(,u(Gq,Fxm,t) , #(Gq,S8q,t), y(Fxm,Txm,t))
= 4(Sa.ymit) 2 a(u(pymat), (P Sat)  u(ym1,Ym.t))

Letting M —> 00, recalling that o is continuous on R ?_, we obtain

u(sa,pit) za(u(p.pt), u(p.Sat), u(p.p.t))
= u(Sq.p.t) 2 a(l, u(p.Sq,t),1)

= ku(Sq,p,t)=>1

= ,u(Sq, p,t) = 1 . Consequently, p=Sq.

From S X < F X we know that there exists a point U € X suchthat Fu=Sq=p=G(.
Choosing X=0q , Y=U, (2) gives

,u(Sq,Tu,t) > a(u(Gq,Fu,t) , u(Gq,Sq,t) ,,u(Fu,Tu,t))

= u(p,Tut)2a(l,1,u(p,Tu,t))

= ku(p,Tu,t)>1

= ,u( p,Tu,t) = 1. Consequently, p=Tu.
Hence, Fu=Tu= Sq=Gq . This proves the first part of the theorem.

p:
Now suppose (T , F )and (S ,G) are weakly compatible pairs, then F and T commute at U, and G and S
commute at ( so that
Fp=FFu=FTu=TFu=TpandSp=5Sqg=SGq=GSq=Gp - (3)
Nowwith X=p , y=U, (2)and(3)yield
,u(Sp,Tu,t) > a(y(Gp,Fu,t) , ,u(Gp,Sp,t) ,,u(Fu,Tu,t))
= u(Sp.p.t) = a(u(Sp.p.t),1,1)
= ku(Sp,p.t)>21= u(Sp,pt)=1= p=Sp=Gp.
In a similar way, letting X=y =p,(2)and(3)yield p =T p = F p.
Thus, Sp=Gp=p=Fp=Tp.

Finally, we show that p is uniquein X .
Suppose Z is another common fixed point of the four maps. Then putting X =2 , Yy = pin (2), we have

u(Sz,Tpt) > a(u(Gz,Fp,t), u(Gz,Sz,t), u(Fp,Tp,t))
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= y(z,p,t) > a(,u(z,p,t) , 1,1)

= y( zZ,p,t )
This completes the proof.

l1=12z=np.

CORROLARY 4.2 Let S and T be self-maps of a non - Archimedean fuzzy metric space X |, satisfying
p(Sx, Ty, t) 2 a(u(x,yt), u(x,Sx,t), u(y,Ty,t))
where & € A andforall X,y € X.Then S and T have a unique common fixed point.

THEOREM 4.3 Let F,G,S and T be self-maps of a non - Archimedean fuzzy metric space X , and let { Sh }

and {Tn } be sequenceson S and T satisfying

SyX < FX;TpX = GX, n=1,2,--- (4)
and forall X,y € X,
,u(SiX,ij,t)Za(,u(GX,Fy,t),,u(GX,SiX,t),,u(Fy,ij,t)) -~ (5)

where o € A. Suppose FX |U GX isacomplete subspace of X |, then foreach ne N,
(i) the sets C( F.Tq ) and C(G S ) are nonempty.
Further, if T, commutes with F and S ;; commutes with G at their coincidence points, then

(ii) F,G, S| and T, have a unique common fixed point.

PROOF. For any arbitrary X € X and N=0,1,2,---, following a similar argument as in the beginning of this
section, we can define a sequence {y’n }n in X as Y =SnXp = FXp41, when N is even and
Yn = ThXpy = GXpy41, when Nisodd, where n=0,1,2,---.

Now foreach i=1,3,5,---and n=2,4,6,---, from (5) we have

ka(vi vivnt) 2 a(vios viot)adku( Yy, ¥ieat) = #(yja.vjt)

That is, k,u( y'n,y'n+1,t) > y( Yh-1,Yh ,t)forall n=0,1,2,---.

By induction ( as in the proof of Theorem 4.1), we have
1

,u( Yo Ynet ,t) > —n,u( Yo.Y1 ,t) for some k € (0, 1). Consequently, { Y'n } is Cauchy in
k n

FX U GX, a complete subspace of X.
The rest of the proof is similar to the corresponding part of the proof of Theorem 4.1.

206 |Page 3 0 December2014 WWW.gjar.org



Vol-1, Issue-2 PP. 200-211 ISSN: 2394-5788

e ,(! B =
N | S,

%
GLOBAL JOURNAL VANCED RESEARCH

(Scholarly Peer Review Publishing System)

THEOREM 45 Let T be an A-Contraction on a complete non - Archimedean fuzzy metric space X . Then T has a

unique fixed pointin X such that the sequence {T nxo } converges to the fixed point, forany X € X .

PROOF. Fix X € X and define the iterative sequence { Xn } by Xp =T nXo (equivalently, Xy .1 =T Xp )

where T " stands for the map obtained by n - time composition of T with T . Since T is an A-Contraction, 3
a € A such that the definition 1.8 holds, i.e.,

u(Tx,Ty,t) > a(,u(x,y,t) (X, Tx,t) ,y(y,Ty,t)) -+ (6)
forall X,y € X.Now,

y(xn,xn+1,t) =y(Txn_1,Txn,t)

> a(y(xn_l,xn,t) : y(xn_l,Txn_l,t) ,y(xn ,Txn,t))
- a(,u(xn_l,xn,t) - u(Xn_1.%n o t) ,,u(xn,xn+1,t))
= ky(xn,xn+1,t) > y(xn_l,xn,t)

Continuing this way, we get

,U(anxn+11t) = kin

= nli_r)nooy(xn,xnﬂ,t) =1

,u(Xo,Xl,t)

We now verify that { Xn } is Cauchy sequence.

,U(Xnyxn+p't) = ﬂ(xn ’Xn+1!t) ko *,U(Xn+p—1fxn+p’t)

v

= lim /J(Xn1Xn+p1t) 1% ... x1=1

n— oo

= nlinooy(xn,anrp,t):l

Thus { Xn } is Cauchy sequence in X . Since X is complete, there exists X € X such that
Xp — X as nN—>o0.

Again, with X = X" and Y = X, the inequality ( 6 ) gives
y(Tx,xn+1,t) = y(Tx',Txn ,t)

> a(,u(x',xn,t) ,u(X\TX ), ,u(xn,Txn,t)) vV neN.
By allowing n — oo and using the continuity of ¢, we get
p(TX X )2 a(u(X X ), (X, Tx ), u(X, X 1))
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e, u(TX X 1) a(l, u(Tx,x,t), 1)
Kp(Tx,x', )21 =u(Tx x,t)=1 = Tx =x.

Now, if We X satisfies, T W = W, then by taking X =w and y = X" in (6) we get
p(w,x"t) = u(Tw,x',t)

> a(p(w,x't), w(Tw,w,t), 4(Tx,x 1))

> a(,u(w,x',t) c 1 ,1)

= kp(w,xt) 21 = g(w,x,t)=1=w=x.
This completes the proof.

THEOREM 4.6 Let @ € A and {Tn } be a sequence of self-maps on the complete non - Archimedean fuzzy metric
space ( X, u, *) such that

y(Tix,TJ— y,t) > a(y(x,y,t) : ,u(x,Tix,t) ,y(y,ij,t)) - (7)

forall X,y € X and ke (0, 1). Then {Tn } has a unique common fixed pointin X .

PROOF. Takingany X € X , wedefine X,y =T X1y_1 foreach ne N . Now from (7), we have
,U(Xl’XZat> = ﬂ(T1Xo1T2X1,t)

2 a(ﬂ(xo’xl’t) : u(xo,Tlxo't) :ﬂ<X1,T2X11t))

2 a(u(xo,xl,t) ! /J(X01X1,t) , ﬂ(X1,X2,t))

= klu(Xl,Xz,t) > /J(XO’let)

Similarly, we have

k,u(Xz,Xg,t) > ﬂ(Xl,Xz ,t)
:ﬂ@bMUZ%AMJ%QZ%WUqu
Inductively, we have

ﬂ(xn,xn+1’t) > kiny(xo,xl,t)

= nllnooy(xn,xnﬂ,t) =1

We now verify that { Xn } is Cauchy sequence.

ﬂ(xnyxn+p’t) = ﬂ(xn ’Xn+1’t) *oee *ﬂ(xn+p—1’xn+p't)
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= lim y(xn,xn+p,t) > 1% ... %x1=1
n— o

= nlinooy(xn,xmrp,t):l

Therefore {Xn } is Cauchy sequence in the complete fuzzy metric space X , so it convergesto X' € X . Next,
y(x',Tnx',t) > ,u(x',xm+1,t) *y(xm+1,Tnx’,t)
ﬂ( X',Xm+1’t) *ﬂ(Tm+1Xm ’Tnxl’t)

u(x’,xm+1,t) *a(y(xm,x’,t) : y(Tm+1xm,xm,t) ,,u(Tnx’,x’,t))

v

\%

,u(x’,xm+1,t) *a(,u(xm,x’,t) : y(xm+1,xm,t) : y(Tnx’,x’,t))
Letting M —> oo, recalling that ¢ is continuous on R , we obtain

y(Tnx',x’,t) > u(x',x,t) *a(y(x’,x’,t) cu(x X)) y(Tnx’,x’,t))
a(l 1, y(Tnx’,x',t))

= ,u(Tnx’,x’,t) =1 =Thpx =x" V neN.

\

= ,u(Tnx’,x’,t)

For uniqueness of the fixed point X', we suppose Ty = Yy forsomey € Xandforall ne N .

Then by (7 ), we have
u(x',y,t) = /J(Tix',ij,t)
> a(y(x’,y,t) : y(x’,Tix’,t) ,y(y,ij,t))

a(p(x,y,t),1,1) = x'=y.

THEOREM 4.7 Let X be a set with two non - Archimedean fuzzy metrics 4 and O satisfying the following
conditions:

(i) u(x,y,t)=0(x,y,t)foral x,y e X.
(ii) X iscomplete with respectto z .

(iii) S, T areselfmapson X ,suchthat T is continuous with respectto s and
o(Tx,Sy,t) 2 a(a(x,y.t), d(x,Tx,t),a(y,Sy,t))
forall X,y € X and forsome & € A.

Then S and T have a unique common fixed point.

PROOF. . Take any X € X .Foreach ne N , we define X, =S Xp_1,when Nisevenand X =T X3 _1,

when N is odd. Then, by inequality in the above condition (iii ) we get

209 |Page 3 0 December2014 WWW.gjar.org



Vol-1, Issue-2 PP. 200-211 ISSN: 2394-5788

- =

4&”,:;' "
&
GLOBAL JO[TRNAL ‘%VANCFD RESEARCH
a(xl,xz ,t) = a(Txo ,le,t)
( Xo X]_t 6(X0,TXO,t),5(X1,SX1,t))
a( XQ Xlt a(Xo,Xl,t),a(Xl,Xz,t))

= ka(Xl,Xz,t) > 8(X0,X1,t>

v

\%

In general, for any N € N we get ( as in the proof of the of the previous theorem) that

6<Xn ,Xn+1,t) > kina(xo,xl,t)forsome ke(0,1).

= u(Xn Xns1,t) 2 8(Xp, Xpe1ot) 2 kina(xo /X1 ,t) (Bythe condition (i))

= nlirlo/,z(xn ,xn+1,t) =1

This implies that { Xn } is a Cauchy sequence in X with respectto £ and hence by condition ( i), we have
lim y(xn ,X’,t) =1 forsome X' e X .
n— o

Since T is given to be continuous with the respect to £ we have
1= lim y(x2n+1,x',t) = lim ﬂ(szn ,x',t) = u(Tx,x,t)
n— oo n— oo

= Tx =Xx.

Now , by condition ( iii )

o(x,8x',t) =0(Tx',Sx',t)
> a(o(x',x',t), a(x',Tx t),d(x,Sx' 1))
= a(l,1,9(x,8x,t))

= Sx' = x".

Thus X' is a common fixed pointof S and T .

For the uniqueness, let y be any common fixed pointof S and T in X . Then by condition (iii),

o(x,y,t) =0(Tx,Sy,t)

(X ,y,t)=8(Tx ,Sy,t)
a(o(x,y.t), o(x,Tx,t),a(y,Sy,t))

a(o(x,y,t),1,1)
= d(x,y,t)=1 = x=y.

\%

This completes the proof.
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