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ABSTRACT

In this paper we introduced some operations on Vague set of L and discussed some elementary results. Further, we
applied these operations on Vague ideal of L and investigated their lattice structures.
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1. INTRODUCTION

In 1993 W.L.Gau and D.J.Buehrer[9] Proposed the theory of Vague sets as an improvement of theory of
Fuzzy sets in approximating the real life situation. Vague sets are higher order Fuzzy sets. A Vague set A in the
universe of discourse U is a Pair (t4,1 — f;) where t, and f,; are Fuzzy subsets of U satisfying the Condition t,(u) <
1 — fy(u) for all u €U. R.Biswas[7] initiated the study of VVague algebra by introducing the concepts of VVague groups,
Vague normal groups. H.Khan, M.Ahmad and R.Biswas[12] introduced the notion of Vague relations and studied some
properties of them. N.Ramakrishna[13,14] continued this study by studying Vague Cosets, Vague Products and several
properties related to them. In 2008, Y.B.Jun and C.H.Park[11] introduced the notion of VVague Ideals in Substraction
algebra. T.Eswarlal[8] had introduced the notion of Vague ideals and normal Vague ideals in Semirings in 2008. In
2005 K.Hur et.al[10] studied in detail the notion of intuitionistic Fuzzy ldeals of a ring and established their
characterization in terms of level subsets. Moreover they studied the Lattice structure of intuitionistic Fuzzy Ideals of a
ring and their Modularity. In this Paper we introduced the concept of VVague sublattices and Ideals in a Lattice. Their
characterizations in terms of level subsets are provided and their homomorphic images under various conditions are
studied.

2. PRELIMINARIES
Definition 2.1: [8]

A Vague set A in the universe of discourse S is a Pair (t,, f;) where t, : S - [0,1] and f, : S — [0,1] are
mappings (called truth membership function and false membership function respectively) where t,(X) is a lower bound of
the grade of membership of x derived from the evidence for x and f;(x) is a lower bound on the negation of x derived
from the evidence against x and t4(x) + f4(X) < 1 VXeS.
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Definition 2.2: [8]

The interval [t4(x),1- f4(X)] is called the Vague value of x in A, and it is denoted by V,(x). That is V,(x) =
[t4 (), 1- fa(X)].

Definition 2.3: [8]

A Vague set A of S is said to be contained in another Vague set B of S. That is A < B, if and only if V,;(X)
< Vp(X). Thatis t,(X)<tg(X)and 1 — f,(X)<1— fz(X) Vx € S.

Definition 2.4: [8]

Two Vague sets A and B of S are equal (i.e) A =B, if and only if AcB and BCA.
(i.e) V()< V(x) and Vg (X)< V4 (X) VXe S, which implies ¢,(X) =tg(x) and 1 — f,(X) =1 — fz(X).
Definition 2.5 :[8]

The Union of two vague sets A and B of S with respective truth membership and false membership functions
ty, fa and tg, fz is a Vague set C of S, written as C = A u B, whose truth membership and false membership functions
are related to those of A and B by t, = max{t,, tg}and 1 — fp =max {1 — f, , 1 — f5z }=1-min{f,, fz}.

Definition 2.6: [8]

The Intersection of two vague sets A and B of S with respective truth membership and false membership
functions ty, f; and tz, fz is a Vague set C of S, written as C = A n B, whose truth membership and false membership
functions are related to those of Aand B by t, = min{t,, tg}and 1 — fo = min {1 — f, , 1 — fz }=1-max{fy, fz}.

Definition 2.7: [8]

A Vague set A of S with t,(x) =1 and f,;(x) = 0 YX€ S, is called the unit vague set of S.
Definition 2.8: [8]

A Vague set A of S with t4(x) =0 and f,(X) = 1 VX€e S, is called the zero vague set of S.
Definition 2.9: [8]

Let A be a Vague set of the universe S with truth membership function t, and false membership function f;, for
a,f € [0,1] with a<B, the (a, B) cut or Vague cut of the Vague set A is a crisp subset A, s, of S given by A ) =

{xeS: V4(x)= (o, B)}.(i-8) A py = {XeS: ty(x)=a and 1-f4 ()= S}
Definition 2.10: [8]

The a-cut, 4, of the Vague set A is the (a,o) cut of A and hence it is given by A, = { xeS: t,(X) = a}.
Definition 2.11: [10]

Let (X,<) be a Poset, if V a,heS = avh, anb € X. Then (X,<) or (X,v,A) is called a Lattice where avb =
v{a,b}=sup{a,b}, arnb = A{a,b} = inf{a,b}.
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Definition 2.12: [10]

Let (X,v,A) be a Lattice, if it satisfied following distributivity Laws, then it is called a distributive Lattice i)
av(bac) = (avb)a(avc) ,vab,c el i) an(bvc) = (anb)v(anc), Vab,c el

Definition 2.13: [10]

A Fuzzy subset u of L is called a Fuzzy Sublattice of L if i) ulxvy) =
min{u(x), ()}

il) p(xay) = min{u(x), u(y)} Vv xyel
Definition 2.14: [10]

A Fuzzy subset p of L is called a Fuzzy Sublattice of L if
i) nCevy) = mind{u(x), u(y)}

i) p(xny) = max{u(x), u(y)} vxyelL

3. NEW OPERATIONS ON VAGUE IDEALS OVER LATTICES
Definition 3.1:
Let A,.B € VS(L). Then we define on VS(L) the following Operations.

) A+B={<z, Visp(2)>/zeLl}, Where V. 5(2) = 30 (min{ Vi(x), V5(¥)} }
i) AB = {<z,V45(2)>/zeL}, Where V,z(2) = Z=i'j§’,{min{ V40, Vg(V)} }

iii) A®B = {<z, V,z5(2)>/zcL}, Where V,g5(2) = Sup {min{ V,(x), Vs(¥)} }

zZ<xvy
iv) AoB = {<z, V,,5(2)>/zeL}, Where V,,5(2) = Zgi’j’;{min{ V,(x), Ve(V)} }
V) ASB= {<2,Vp(2)>/zeL}, Where Vip(@) = ,_n S {MIng Va00), Va(y)} }

Lemma 3.2:
Let A, B, C eVS(L). Then the following conditions hold.

i) AB = BA, A+B = B+A, AeB = BeA

ii) ABcAeBcA0B

iii) C(A+B) cCA+CB

iv) (C+B)A cCA+BA

V) (An B)CcACNBC

Vi) AcB =ACcBC and AeCc=BeC

vii) A+BcA®B and ABCA0B, equality holds if L is distributive.
viii) AcA+A, AcAA, ACADA, ACAOA and AcAeA.

Proof: Follows from definitions.
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Lemma 3.3:
Let A,BeVS(L) with } t,(X) =ty , o tg(X) =ty and 3% 1 — f1(X) = kg, 1, 1 — fz(X) =k, . Then AcA®B =

x el xeL x el
t1S tz y k1£ kz .

Proof:

sup
x €L

sup
x €L

sup
x €L

sup

LeL talzo) for some zpel. Sothat tygp(zg )=

Suppose t;>t, and k;> k,. Then tp(x) <, ta(x) =, tp(x) <
sup

ooy dMin{ty (x), ta(Y)IS , 5 tp(y)< '8 tp(y)< ta(zo). This contradicts Ac A®B. Therefore t;<t,. And

ra (U= fl) <72 = falx) =781 = fX) <2, (1 = fa(wo)) for some wyel. Then (1= frep(wy )=
Woszﬁ{min{l — fa(x)), 1 = fply)}= WS;uV’;, (1= fy)= ;uﬁ (1 = fzy))<( 1 = f4(wp)). This contradicts Ac A®B.
Therefore ki<k,.

Lemma 3.4:

Let A,BeVS(L) with 5 t,(x) =ty , ;";2 tp(x)=tyand P 1 — fu(x) =ky, 30 1 — fz(x) = k, . Then ACA®B and

x €L x €L x€eL

BQA@B = t1= tz ’ k1= kz .

Proof: Follows from 3.3

Lemma 3.5:
Let A,BeVS(L) with ;' ta(x)= ;) tp(x)=tand ;0 1 — fa(x)= ;4 1 — fz(x)=k . Then
i) A,B CA®B, if A and B both attain their Sup for t and Sup for 1-f.
i) A,B CcA®@B, if Aand B both do not attain their Sup for t and Sup for 1-f.
Proof:
i) Suppose that A and B both attain their Sup for t and Sup for 1-f. Let ;o) t,(x) =t4(xo) and ;2 tp(x) =tz (Vo)
for some x;, yo €L and ;Z 1 — fu(x) =1 — f4(ly) and jlgl 1 — fz(x) =1 — fz(my) for some Iy, myel. Then
by our assumption ta(xg) =tg(yo)and 1 — f4(ly) =1 — fz(my). Forzel, we have

taop(z)= Z;@{min{tA(X), tply) = min{ty(2), tg(yo)} as z<zvyy = ta(2), since t4(2), < J2) ta(x) =ta(xo) =

ts(o) and 1 = fuop(2)= ,opuh min{1 — f4(x),1- fz(y) > min{l — f,(2), 1-fz(me)} as z<zvmq =1- f4(2),
since 1— f4(2) <[4 1 — fa(x) = 1- fz(m,). Hence ACA®B. Similarly we can prove that BCA®B .

ii) Suppose that A and B both do not attain their Sup for t and Sup for 1-f. Since A do not attain its Sup for t
and 1-f, we have t4(z)<t VzeLand 1 — f;(z)<k VzelL. Then there exist y, €L Such that tz(y,)> t4(z) and
there exist [y €L such that 1 — fp(ly)> 1 — f41(2) But z<zv y, and hence t,5p(2)=
sy {min{t, (x), tg(y) > min{t,(2), tg (yo)}= ts(2) and z<zvl, , we have
1- f1op(2)= Z;ff;,{min{l — fa(x),1- fly) = min{l — f4(2), 1 — fz(ly)} =1- f4(2). So that ACA®B. Similarly,

we can prove that BCA®@B.
Proposition 3.6:

Let A eVS(L). Then Aisa VL of L if and only if A+A =A and AA=A.
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Proof:

We have ACA+A and ACAA. Let Aisa VL of L. Then Vx,yel such that z=xvy, we have V,(z) =
Va(xvy)zmin{ V, (x), V4 (y)}. Therefore V,(z) 2,320 {min{V, (x), Va(¥)}} = Vagu (2). Hence ADA+A. Thus A=A+A.
Now , VX, yel such that z=xAy, we have V,(z) = V, (xAy)2min{ V,(x), V4 (¥)}. Therefore V,(z) >
r=rny AMIN{V, (x), V4 (¥)}} = V44 (2). Thus ADAA. Hence A=AA. Conversely, suppose that A=A+A and A=AA. Then
Vx,yeL. we have V; (xvy) = Vi a (XVY)= 1 oym; vy AMin{Va (1), Va(r1 )12 min{V, (x),V, (¥)} and V, (xAy) = Vo (x1AY)=
oy =x iy AMIn{Va (x1), V4 (y1)}12 min{V, (x),V4 (7)}. Hence Aisa VL of L.

Proposition 3.7:
Let A €VS(L). Then A eVI(L) if and only if A@A = A.
Proof:

Suppose A €VI(L). Let zeL, choose x,y €L such that z<xvy. Then V,(z) =V, (xvy)=min{V,(x), V,(y)}, since A VI of
L. Sothat V,(2) >, 3" {min{V,(x), V4(¥)}} = Vaea (2). Hence ADA®A. Clearly ACA®A. Thus A=ADA. Conversely

zZ<xvy

suppose that A = A@A. Let x,yel. Then V;(xvy) = Vaga (XVY)= xymry vy dmin{Vy (x1), Va(y1)1} = min{V, (x),V, ()}

vy1
and Vy (xAY) = Vaga (XAY)= 1 aymxg nyr AMIn{Va (x1), Va(y1)1} = min{V, (x),V4 (¥)}. Hence Ais a VL of L. Now let z;, z,
L such that Zq < Zy. Then VA (Zz) = VA@A (Zz) = 2z szs\ftypz{min{VA (xZ), VA 0’2)}}, X2, Y2 elL<L Zlgxls\gyz;{min{VA (x1 ),

Vayi)},aszy <z =V4(z;). Thus V,(z;) £V, (21). Hence Alis a VI of L.
Theorem 3.8:

Let A, BeVI(L). Then A®BeVI(L).
Proof:

Suppose that for some x, yeL tygp(xvy) <min{ tyep(x), t1op(Y)}. Let ty@p(xvy)=mgy. Then mgy <t,ep(x) and
mg < taep(y). Thisimplies there exist a,b € L such that x<avb, my< min{t, (a), tz(b)} and there exist c,deL such
that y<cvd, my< min{t,(c), tg(d)}. So that my< t,(a), my< tz(b), my< ty(c) and mqy < tg(d). Hence my <
min{t4(a), t,(c)} < ty(avc), since AaVlofL. Also my < min{tg(b), t5(d)}< tz(bvd), since Ba VI of L. Thus
taep(XvY) 2 o cpin imin{ta(p), t5(q)}}, p,ael. > min{t, (avc), tz(bvd)}> t,. This contradicts t 4gp(xvy) = to.
Hence t 4o (xvy) 2 min{ t g5 (X), tags(y)}, VX yEL.......... (1). Similarly we can prove that 1 — f4gp(xvy) > min{1-
faop(X),1- faop(Y)} VX yeL.nnnnn.en. (2). Again suppose that t 4 gp (xAy)<max{t 4 g5 (X), t 4o (Y)}, for some x,yel. Let
ko =t g4op(xAy) and max{t 4op(X), t 4@p(Y)} = t a@p(X),(say). Then ky <t 4o5(x). This implies there exist a,beL such
that x<avb and min{t,(a ), tz(b) }>ky. So that t ,gp(XAY) = XAyS;I:Z {min{t,(p), tg(q)}}, p,a€L > min {t,(a), tz(b)}
>k, . This contradicts kg =t 45(XAY). Consequently t 4o (XAY)2max{t 45 (X), t 425 (y)}, for some x,yeL......... (3).
Similarly we can prove 1- f 4 o5 (XAY)2max{1-f 4 g5 (X), 1 — f 4@ (Yy)}, for some x,y eL.--------------- (4). Thus from

(1),(2),(3),(4) A®BeVI(L).
Theorem 3.9:

Let A,BeVI(L) with 28 V,(x) = 38 V(x) and both A, B attain the sup of t and 1-f.[or both A,B do not attain the sup

x el ~ xeL

of tand 1-f]. Then A®@B is a VI generated by A and B.
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Proof:

By Lemma 3.5 and Theorem 3.10, A®@B is a VI containing both A and B. Let CeVI(L) such that AcC and BCC. Then
for zel, we have Vgp(2) = , ;b Amin{V, (x), Vs (NS ,7oh Amin{V (), Ve (N = t coc(2) = tc(2) , by Proposition
3.9 Hence A@BcC. Thus A@B is the least VI containing A and B. We denote the set of all VI’s of L that attain both
sup(t) = m and sup(1-f) =k by VI, 41(L) and the set of all VI's of L that do not attain both the sup(t) = m and sup(1-

f) = k by Vl(m’k)(L)
Theorem 3.10:

The set VI, k) (L) [V k) (L)] forms a Lattice under the ordering  with join and meet defined by AvB = A®B
and AAB = AMB.

Proof:

We know that AvB = A®B. Now we show that A®B € VI, iy(L). Letzel. Then t445(z) =

ZS;"V’; {min{t,(x), tg )< min{;' ta(x), 32 ty) }=1. We show that I is the least upper bound of ¢ 4¢5. Let £>0,

since | is the supremum of t, and tg, there exist x4, y; €L such that t,(x;) >t-€ and tz(y;)>t-e. So that for z; = x;v

sup
Z15x vy

t aep- Similarly, we can prove m is the least upper bound of 1-f s 5. Thus ~ A®B €Vl iy (L) . Clearly, ANB
€VIgn joy(L). Thus (Vi 1y (L), S &, M) forms a Lattice.

y1, we have taeplzy) = {min{t, (x), tg () zmin{t,(x1), tz(y;1) }>I-e. Hence lis the least upper bound of

Theorem 3.11:
If Lis distributive then the lattice VI, i) (L) [V, 1 (L)] is distributive.
Proof:

Let A,B,C € VI, iy(L). Then by distributive inequality, which is satisfied by every Lattice, we have
AA(BVC)(AAB)V(AAC). The proof of the theorem will be complete if we show that AA(BVC)c(AAB)V(AAC). If
possible, suppose AA(BVC) Z(AAB)V(AAC) then there exist zeL such that Vi ., gyc)(2)> Vias)vanc)(2). Since Lis
distributive A®B = A+B, so AvB = A+B. So that Vj ~g+¢)(2)> Viars)+anc) (2). Now, Vans1c)(2)> Viarg)+anc) (2)

implies min{V,(2), Vg+c(2)}>,= 2uhy {Min{Vy 15 (x), Varc )} This implies min{V,(2), ,= ;' {min{Vg(x), Ve (¥)}}
>z=§l\‘,§’, {min{Vy 5 (x), Varc(¥)}}. Then there exist xy yo €L such that z=x, vy, and V,(z), min{Vp(x0), Ve (vo) } >

sup

2= xvy IMIN{V 15 (), Vare @)1 2 min{Vy 5 (x0 ), Varc (0) } = min{Vy(x0), Vi (x0), Va(vo), Ve (7o)} Hence min
{Va(xo), Vg (x0), Va(o), Ve (7o)} = Va(xo) or V4(¥o). So that V4 (2)>V,(xo) or V(o). Butsince A eVl 1y(L) and
X0, Yo<z we have V,(xq)=V,4(2) and V,;(yy)>V4(2). Thus, V,4(z)> V4 (x,) or V4(yp) is not true. So our assumption
is wrong, consequently AA(BVC)c(AAB)V(AAC). Hence Vi, iy (L) is a distributive Lattice.
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