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ABSTRACT

The focus of this paper is to define the local function on z-open set called n-local function and to introduce a new class of
set operator () utilizing m-open neighbourhood namely the set operator ()™ in ideal topological spaces. We derive several
characterizations and properties of such function and operator in detail.
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1. INTRODUCTION

The concept explored via ideals has a lengthy and interesting historic development. Kuratowski [10] introduced the
concept of ideal topological spaces. The notion of Kuratowski operator plays a vital role in defining ideal topological
space which has its application in localization theory in set topology by Vaidyanathaswamy [13]. Ideals have been
frequently used in the fields closely related to topology such as real analysis measure theory and lattice theory. In 1990,
Jankovic and Hamlett [6, 7] developed new topologies from old via ideals and introduced I-open sets with respect to an
ideal 1 in 1992. In this paper, analogously to the local function A"(7, 1), we define m-local function with respect to 7 and
1. Moreover we introduce a set operator W™ in ideal topological spaces and study their properties.

2. PRELIMINARIES
Throughout this paper (X, 1) is a topological space on which no separation axioms are assumed unless explicitly stated.
The notation (X, T, 7) will denote the topological space (X, T) and an ideal 7 on X with no separation properties assumed.
For A € (X, 1), CI(A) and Int(A) respectively denote the closure and interior of A with respect to t. N(x) denotes the
open neighbourhood system at a point x € X and P(X) denotes the power set of X.
Definition: 2.1[10]
An ideal 7 on a topological space (X, 1) is a nonempty collection of subsets of X which satisfies
the following properties: (1) A€J and B € AimpliesB € 7.

(2) AeJand B €7 impliesAuB €7.

An ideal topological space is a topological space (X, 1) with an ideal 7 on X and is denoted by (X, 1, 7).
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Definition: 2.2[10]

For a subset A of X, A" (7) = {xe X: Un A ¢ 7 for each neighbourhood U of x} is called the local function of A with
respect to 7 and 1. We simply write A* instead of A* (7).

Definition: 2.2[10]

It is well known that CI"(A) = A U A* defines a Kuratowski closure operator for *(7) which finar than .

Definition: 2.3[10]

A basis 8(7, t) for *(7) can be described as follows: g(7,1) ={U—-E:Uetand E € 7}.

Definition: 2.4

A subset A of an ideal topological space (X, 1, I) is

(1) *-perfect [5], if A=A~

(2) *-closed [6],if A" € A

(3) *-dense [8], if CI'(A) = X

(4) 1 -closed set [6], if A = CI"(A)

Definition: 2.5[15]

A subset A of a space (X, 1) is said to be regular open set, if A = int(cl(A)).

Definition: 2.6[13]

Finite union of regular open sets in (X, 1) is w-open in (X, t). The complement of m-open in (X, 7) is m-closed in (X, 1).
Definition: 2.7[9]

Let (X, 1, J) be an ideal topological space and A be a subset of X. Then A,(7, 1) = {x€ X | AnU & J for every U €
SO(X, x)} is called the semi local function of A with respect to J and 1, where SO(X, x) = {U € SO(X) | xe U}.
Definition: 2.8[1]

Let (X, 1, 7) be an ideal topological space. For a subset A of X, we define the following operator:

T'(A) (9, 71)={xe X|Ancl(U) ¢ 7 for every U € 1(x)} is called the local closure function of A with respect to J and T,
where 1(X) ={U € 1: xe U}.

Definition: 2.9[2]

Given a space (X, 1, 7 ), a set operator ()": P(X) - P(X) is called the pre-local function of 7
with respect to t is defined as follows; for A € X, (A)™® (7, 1) = {x€ X/ U, N A¢ 7, for every

U, € PN(X)}, where PN(X)} = {U € PO(x) | x eU}.

Lemma: 2.10[6]

Let (X, 1, I) be an ideal space and A, B subsets of X.

(1). fAc B, then A" c B".

(2). If G € 1, then G NA" c (GNA)”

(3). A" = CI(A") c CI(A)

3.  3.wx-LOCAL FUNCTIONS
Definition: 3.1
Given a space (X, 1,7), a set operator ()™ P(X) — P(X) is called the m-local function of 7 with respect to t is defined as
follows: for A € X, (A)™ (7,1) = {x€ X/ U, N Ag 7, for every U, € m N(x)}, where tN(x)} = {U € nO(x) | x EU}.We
write m-local function as A™(7) or A™ or A™(7, 7).
Preposition: 3.2
Every local function is t-local function.
Proof:
Every m-open set is open.
Therefore U € mN(x) = U € N(x).
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Letx € A" = U, N Ag 7, for every U, € N(X)}

= U, N A&7, for every U, € tN(X)}

=XxeAT

= A cA”
Hence every local function is m-local function.
Remark: 3.3
n-local function need not be local function as shown in the following example.
Example: 3.4
X={a, b, cd}, 1= {X, ¢, {a}, {b}, {a,b}, {a b, d}} and | = {¢, {a}}.Take A = {c}. Then A" = {c} and A™ = {c,d}. Thus
{c,d} & {c}. Hence A" ¢ A",
Remark: 3.5
The collection of all t-open subsets of a space (X, 1) fails to form an ideal on X.
Example: 3.6
X={a b, c d} t={X, ¢ {d}, {a,b}, {ab,d}} and I = {¢, {a}, {b}, {a.b}}.
Here {a, b} is m-open set, but {a} and {b} are not -open sets. Therefore the collection of all -open subsets does not
form an ideal.
Remarks: 3.7
(1) For an ideal topological (X, t, 7), T " (7) be the topology on X generated by the basis

{U-E:UenO(x)and EE T }.
(2) The closure operator in T ™ (7) denoted by CI"™ is defined as follows: for A € X,
CI"(A)=AUA™
Lemma: 3.8
T7(7) ={U c X: CI"" (X— U) = X— U}
Proof:
Let A={U-E:UemnO(x)and EEJ }
CI"(X—U)=X-Ue (X-U)" cX-U
esuUcX-(X-U)"

Therefore x € U = x & (X— U)™ Then there exists V€ tN(x), VN (X —U) € 7. Let 7=V n (X — U) thenx €V — T €
U where V € N(x) and 7 € 7. But T " is the topology with A as a basis. Therefore T (7) = {U € X: CI™"(X— U) = X—
U}
Corollary: 3.9
For A c (X 1,7) we have
(1) 1£7 = {¢} then A™ ({¢}) = m-CI(A) and CI'™ (A) = -CI(A)
(2) 1f7 = P(X) then A™(P(X)) = ¢ and CI"™(A) = A. Hence in this case T "(7) is the discrete topology.
Remark: 3.10
™ (J) € 1 (J). But the converse need not be true.
Example: 3.11
Consider the topology = {X, ¢, {a}, {b}, {a, b}, {a, b, c}} onaset X = {a, b, ¢, d} and 7 = {¢, {a}}. Therefore 1" (J) =
{X, ¢, {a}, {b}, {a, b}, {b, c}, {a, b, c}, {b, ¢, d}} and ™ (7) = {X, ¢, {a}, {b}, {a, b}, {b, c, d}}. Hence v (7) £ ©™ (7).
Theorem: 3.12
Let (X, t,7) be a space and A, B < X then the following statements hold.
) " (=0 ) )
(2) If Ac Bthen A™(7) € B™(9)
(3) A™(7) = n-CI(A™(7)) € n-CI(A)
(4) (AUB)™(7) = A™(7) U B™(7)
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(5) (ANB)™(7) € A™(7) n B™(9)
(6) A™(9)—B"(9) € (A— B)™(9)
(7) (A7) € A™()
(8) If E € 7 then (AUE)™(7) = A™(J) = (A—E)™(9)
(9) If U € mO(X) then Un A™(7) = Un (Un A)™ < (Un A)™(7)
Proof:
(1) o™ () ={xe XIUyn ¢ &7, for every U, € tN(X)} = ¢.Therefore ¢ (7) = .

(2) Let AcB.
AT ={xe XIUy,n A&7, for every U, € tN(x)}.
x€A™T)=>Un A7, for every Uy € TN(X)
=>U,n B&J, for every U, € TN(x)
This shows that x € B™(J). Hence A™(7) € B™(9).

(3) To prove A™(7) = n-CI(A™(7)) € n-Cl(A)
m-CI(A™(7)) is the smallest m-closed set containing A™. Therefore A™ € w-CI(A™).
To prove A™ 2 t-CI(A™). Let x € -CI(A™). Therefore every U, € mN(x) intersects A™.

Thus Uy, N A™ # ¢. Let y € U, n A™ Then U, € tN(y) and y € A™= U, n A™ ¢ 7 which implies that x € A™.
Therefore m-CI(A™) € A™ Thus A™(J) = m-CI(A™(7)).

Claim: A™ € m-CI(A).
Letx € A" = U, N A # ¢ for every U, € tN(x). This shows that x € m-CI(A).Thus A™ € 1t-CI(A) .Hence A™ (7) = -
CI(A™ (7) € t-CI(A).

(4) (AUB)™J) ={x € X /U, N (AUB) & 7 for every U,€ TN(x)}
={xe X/ (UynA)U (U,NB) &7 for every U, € TtN(x)}
={xeX/UynAg JorUxnB &7 for every U, € TN(X)}
={xeX/UynAgJ forevery U,e tN(X)}or{xe X/U,NB & J
for every U,e tN(X)}
= A(7) U B™(9).

(5) By (2) we know that AC B = A" c B™
= (AnB)™ < A™and (ANB) " < B™
= (ANB)™(7) € A™ (7) n B™(J)

(6) A™(I)—B™(I) = {xe XI U,nA g7 forevery Uy€nNX)}—{X€ X/ U,n B &7 forevery U, € nN(x)} = {x€
X/'Uyn (A—B) & 7 for every U, € tN(X)} = (A— B)™(9).

(7) By (3) A™ € n-CI(A). Replace A by A™. Then (A™) ™ € n-CI(A™) = A™

(8) LetE € 9. (AUE)™= A™UE™=AT™[+ E™= ¢ by the definition]
(A—E)™ = {x€ X/ U,n (A—B) & 7 for every U, € tN(X)}
={xe XIU,Nn A&7 for every U, € TN(x)}
= A*"
Therefore (AUE)™(7) = A™(J) = (A— E)™(7).

(9) LetU e mO(X).
UnA™=Un{xe X/ Ucn A €1, for every U € TN(x)}
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=Un {xe XIU,n (Un A) ¢ 7, for every U, € TN(X)}
=Un (Un A)™
S (UnA)™

Hence Un A™(7) = Un (Un A)™ < (Un A)™(J).

Corollary: 3.13

If (X, , 7) is a space and A < X then the following hold:

(1) (A™™ < A™= n-CI(A™) < 1 -CI(A).

(2) (A™™ < n-CI(A™) < nt-CI(A)

(3) m-CI(A™ = CI(A™) if A™ is dense

(4) A'c A"C -CI(A)

Theorem: 3.14

Let (X, 1, 7) be a space and A < X then the following hold:

(1). X—E)"=X"™ifE€]

2). [X— (A-E)]"=[(X-A)UE]™ E€J

Proof:

(1) Let(X,t, J) be aspace and A c X.

X € (X—E) ™ ={ x€ X/ U, n (X—E) & 7, for every U, € TN(x)}
= {x€ X/ Uy N X)—(UxNE) € 7, for every U, € TIN(X)}
= UynN X &7, for every Uy € TN(X)
>xeX™
= (X-E)"c X™

x€X™ =2U,nX¢g1T, for every Uy € TN(X)

= U, n X)— (UyNE) ¢ 7, for every U, € TIN(X)
= U, N (X=E) ¢ 7, for every U, € TN(X)
=>x€ (X-E)™
= X™c (X—E)™"
Therefore (X—E)™ = X™ifE € 7.
(2) IfE €7 then (AUE)™ = A™ = (A— E)™ Replace A by X—A.
Then [(X—A) UE]™ = (X—A)™ = (X— (A—E))™
The following theorem gives some properties for the operator CI™
Theorem: 3.15
For arbitrary subsets A and B of X we have
(1) A < B implies CI"™(A) c CI"(B)
(2) CI™(AUB) = CI"™(A) U CI"(B)
(3) CI"™(ANB) < CI"™(A) n CI"™(B)
(4) CI™(CI'™(A)) € CI'(A)
Theorem: 3.16
Forany A, B € X, m-CI(A™ U -CI(B™ < n-CI(A™ U B™)
Proof:
n-CI(A™ U n-CI(B™) = (A™)™ U (B™™ € n-CI(A™) U n-CI(B™) = n-CI((A™U B™)).
Therefore m-CI(A™) U n-CI(B™) € n-CI(A™ U B™).
Theorem: 3.17

ISSN: 2394-5788

Let (X, 1) be a space and 7 and J are two ideals on X and let A be a subset of X then A™ (J) € A™ (9), if 7 € J.

Proof:
A" (J)={xe XIUyn A ¢ J, for every Uy € TN(X)}
c{xe X/IU,n A&7, forevery U, € tN(x)} = A™ (7).
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Hence A™ (J) € A™ (7).
Theorem: 3.18
If 7 and J are two ideals on (X, 7) such that 7 € J then ™ (7) € ™ (J).
Proof:
Let A€t ™) = (X —A)ist ™ (7) closed.
= CI™(X =A) = (X —-A)
> X-A)UX-A)"=(X-A)
=> X-A)"@)c (X-A)
= (X- {_\)*" e X=A)
= Aet™(J)
Hence © " (7) € © ().
Theorem: 3.19
Let (X, 1, 7) isa space and A € X then A™— (A™™c (A— A™)™
Proof:
Letx € A™— (A™™ Thenx € A™ Thatis U,n A ¢ 7, for every U, € tN(x). Thus U, n ((A— A™™) & 7, for every
U, € N(x). Therefore x € (A— A™™ Hence A™ — (A™™ c (A—A™™.
Theorem: 3.20
Let (X, 1) be a space and 7 and J are two ideals on X and let A be a subset of X then A™(J n J) = A™(7) u A™(J)
where 7 n J is an ideal on X.
Proof:
Let (X, 1) be a space and J and J are two ideals on X and let A be a subset of X. Also 7 n J is an ideal on X.
AT ng)={xeXIUyn A¢T nJ, for every Uy € tN(x)}
={xeX/Uy,n A¢JorU,n A¢ J, forevery U, € TN(X)}
={xe XIUyn A¢7J forevery U, € tN(X)JU xe X—U, N A¢ J
for every Uy € TN(X)}
= A7) U A().
Theorem: 3.21
Let (X, 7) be a space and 7 and J are two ideals on X and A €X then A™ (7 U J, 1) = A™ (9, T(J)) N A™ (J, T (7)),
whereJ U J={EUH\Ee€JandH € J} isan ideal on X.
Proof:
Let (X, 1) be a space and J and J are two ideals on X and A X.
Suppose x ¢ A™(7 U J, 1).
Then there exists U € tN(x) such that U n A €(7 U J).
LetEeJandHeE JsuchthatUnA=EUH.
Without loss of generality we assume that E N H = ¢.
Thus(UNnA)—E=Hand (Un A) —H=E.
This shows that (U —E)n A=He Jand (U—-H)n A=E€eJ.
=xgA™(J, T 7)) orx & A" (7, 7))
Hence A™ (7, T"(7) N A™ (7, 7™(J)) S A™IT U J, 1) rmmmmmmemmeeen (1)
To prove A™(7 U J, 1) € A™(7, T (J)).
Letx &€ A™J, 1™ (J)).
Then there exists U e tN(X) 2 U N A € 7 in T "(J).
Therefore U n A = E for E € 7 implies that (U — E)n A€ 7.
HenceUNA=EUHEJ U J,1).
This shows that x ¢ A™(J U J, 1).
Thus A™(J U J, 1) € A™(I, T ™ (J)) —--mmmmmmmmmmmm (2)
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Similarly A™(7 U J, 1) € A™(J, T (7)) -----mmmmmmmmmmeee- (3)

From (2) and (3), A™(7 U J,1) € A™(I, 7™ (J)) N A™(J, T™ (J)) - (4)
From (1) and (4), A™(7 U J,1)=A"(7,t™(J)) n A™J, T (9)).

Theorem: 3.22

The following are equivalent for a subset A < (X, 1,7).

(1) Aet™

(2) (X —A)is t " closed

B) X-ATc(X-A)

(4) AcSX—-(X-=AT"

4,  THE SET OPERATOR ¥"(7,7)

Definition: 4.1
Let (X, 1, 7) be a space, a set operator ¥" (7,7) : P(X)—1 is defined as follows: For every ASX, W" (J,7) : {x €X [ there
exists a U € mN(X) such that U - A € 7 }. We denote W™ (J,t) simply by ¥" .

Lemma: 4.2
The operator W™(7,7) is a natural complement to the operator ()™
Proof:
To prove W™ (7,7) = X — (X=A)™
Let x € W"(A) <there exists U € N(X) such that U - A € 7}
©there exists U € N(X) such that U n (U - A) € 7}
o x¢ (X=A)"

S XEX= (X=A)"
Hence W™ (7,7) = X — (X—A)™
Therefore the operator W™ (7,7) is a natural complement to the operator ()™
Corollary: 4.3
For A € (X, 1, 7), we have (1) If7 ={¢} then ¥" (A) = m-int(A)

(2) If 7 =P(X) then ¥" (A) = X

Lemma: 4.4
YHA) S ¥ (A) forevery Ac (X, 1, 7).
Remark: 4.5
The converse of the above need not be true.
Example: 4.6
X={a b,c d}, 1= {X, ¢ {a}, {b}, {a b}, {a b, c}}and 7={¢, {a}}. Let A={a, b, c}. Then X-A={d}and
(X—A)" = {d}. Therefore ¥ (A) =X — (X—A)" ={a, b, ¢} - (1)
Now (X—A)"™ = {c, d}.Then W*(A) = X — (X—A)™ = {a, b} (2)
Hence from (1) and (2) we have W"(A) £ ¥ (A).
Theorem: 4.7
Let (X, 1, 7) be a ideal space and A, B < P(X). Then
(1) If Ac Bthen ¥"(A) € ¥*(B)
(2) If A, B € P(X) then ¥"(ANB) < ¥"(A) N ¥*(B)
(3) IfU € ™(J) then U € ¥"(U)
(4) If A € P(X) then ¥™(A) < ¥"(¥" (A))
(5) If A € P(X) then ¥™(A) = ¥ (¥" (A)) & (X—A)™ = (X=A)™)™"
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(6) If A €7 then W"(A) = X - X'™

(7) If A€P(X), E €7 then W"(A—E) = W'(A)
(8) If A€P(X), E €7 then W(AUE) = ¥X(A)
(9) If (A —B) U (B—A) € 7 then ¥*(A) = ¥*(B)

Corollary: 4.8
If (X, 1, J) is a ideal space, A =X and E € J then ¥"(A—E) = ¥"(A U E) = ¥"(A).
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