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ABSTRACT

In this paper, we consider an almost periodic multispecies discrete Lotka-Volterra mutualism system. We first obtain the
permanence of the system by utilizing the theory of difference equation. By means of constructing a suitable Lyapunov
function, sufficient conditions are obtained for the existence of a unique positive almost periodic solution which is
uniformly asymptotically stable. An example together with numerical simulation indicates the feasibility of the main
result.

General Terms
Stability and asymptotics of difference equations
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1. INTRODUCTION

The mutualism system has been studied by more and more scholars. Topics such as permanence, global attractivity and
global stability of continuous differential mutualism system were extensively investigated(see[1-6] and the references
cited therein). Xia, Cao and Cheng [1] studied a Lotka-Volterra type mutualism system with several delays
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I mn
1 (t) = p(t) [r-w;f;n = an(tn(t — () + Y biy(t)ua(t — o; :;rjljn].

i=1 j=1

m mn
ia(t) = yalt) [rgu;f;u +3 ag(thy(t — &) =Y bay(t)ya(t — :;f:':'} :

i=1 j=1

Some new and interesting sufficient conditions are obtained for the global existence of positive periodic solutions of the
mutualism system. Their method is based on Mawhin’s coincidence degree and novel estimation techniques for the a
priori bounds of unknown solutions. In addition, some recent attention was on the permanence and global stability of
discrete mutualism system, and many excellent results have been derived(see [7-12] and the references cited therein).
Chen [8] studied a discrete mutualism model with time delays

. T ] [K1 (k) + o (k)z2(k — m2(k)) . ]
.alfﬁ.—l'.—Jlukﬁ?.a.}hp{rlfk] N r—r —.r.].x.f\—mfk]]]}.

_ _ [Ko(k) + as(k)xy(k — (k) )
':”:u—l: = "-:-lllrl.': 2 ':”:C1| - - _:I:Ii'll._ -:”;;1” .

Sufficient conditions are obtained for the permanence of the above discrete model. Recently, as far as the discrete
multispecies Lotka-Volterra ecosystem is concerned(see [11-20] and the references cited therein). Zhang et al. [12]
studied an almost periodic discrete multispecies Lotka-Volterra mutualism system

ik + 1) = (k) exp {ﬂglllif_:: — b Kz (k) + Z r”hﬁ} i=1.2--.,n.

J=1.j#i
Sufficient conditions are obtained for the existence of a unique almost periodic solution which is globally attractive.

Specially, for the discrete two-species Lotka-Volterra mutualism system, the sufficient conditions for the existence of a
unique uniformly asymptotically stable almost periodic solution are obtained. Chen [13] studied the dynamic behavior of
the discrete n + m-species Lotka-Volerra competition predator-prey systems

m

ri(k +1) = z;(k) exp [EJE-H:;: — Z ag(k)x (k) — Z ca (k) :;k;]. i=1,2.-. ,n
=1 =1

i

yi(k+1) = y;(k)exp [ — (k) + > du(k)z(k) = eu(k)y tk,':] y 3=1,2,- m.
I=1 =1

Sufficient conditions which ensure the permanence and the global stability of the systems are obtained; for periodic case,
sufficient conditions which ensure the existence of a globally stable positive periodic solution of the systems are obtained.

In real world phenomenon, the environment varies due to the factors such as seasonal effects of weather, food
supplies, mating habits, harvesting. So it is usual to assume the periodicity of parameters in the systems. However, if the
various constituent components of the temporally non-uniform environment is with incommensurable (hon-integral
multiples) periods, then one has to consider the environment to be almost periodic since there is no a priori reason to
expect the existence of periodic solutions. For this reason, the assumption of almost periodicity is more realistic, more
important and more general when we consider the effects of the environmental factors. In fact, there have been many nice
works on the positive almost periodic solutions of continuous and discrete dynamics model with almost periodic
coefficients(see [6,11,12,21-27] and the references cited therein).
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Motivated by above, in this paper, we are concerned with the following multispecies discrete Lotka-Volterra
mutualism system

xi(k L]—Jit.i‘.exp{ah&). by (ke (k) + z (”"A’d,-j(kj+.r_1-(kj}' i=1,2--.n (1.1)

F=L.j#i
where {ai(k)}, {bi(k)}, {cij(k)} and {d;;(k)} are bounded nonnegative almost periodic sequences such that

0<al <ai(k)<a¥,  0<b <bi(k)<by,
0<dc;<ej(k)<cl, 0<dy<diy(k)<dy, (1.2)

i,j=1,2,---,n, ke Z. For any bounded sequence {f(k)} defined on Z, f* = sup f(k), f' = gng f(k).
keZ °€

By the biological meaning, we will focus our discussion on the positive solutions of system (1.1). So it is assumed
that the initial conditions of system (1.1) are the form:

x(0)>0,i=1,2,---,n. (1.3)

One can easily show that the solutions of system (1.1) with the initial condition (1.3) are defined and remain positive for
alne N*={0,1,2,3 ... }.

To the best of our knowledge, this is the first paper to investigate the uniformly asymptotical stability of positive
almost periodic solution of multispecies discrete Lotka-Volterra mutualism system. The aim of this paper is to obtain
sufficient conditions for the existence of a unique uniformly asymptotically stable almost periodic solution of system (1.1)
with initial condition (1.3), by utilizing the theory of difference equation and constructing a suitable Lyapunov function
and applying the analysis technique of papers [10, 11, 21].

The remaining part of this paper is organized as follows: In Section 2, we will introduce some definitions and
several useful lemmas. In the next section, we establish the permanence of system (1.1). Then, in Section 4, we establish
sufficient conditions to ensure the existence of a unique positive almost periodic solution, which is uniformly
asymptotically stable. The main result is illustrated by an example with a numerical simulation in the last section.

2. Preliminaries
First, we give the definitions of the terminologies involved.

Definition 2.1( [28]) A sequence x : Z — R is called an almost periodic sequence if the e-translation set of =

Ele,z}={teZ:|z(n+71)—z(n)|<e,Vne Z}

is a relatively dense set in Z for all £ > 0; that is, for any given = > 0, there exists an integer I(=) > 0 such that
each interval of length [(s) contains an integer 7 € E{e, z} with

|z(n+7)—2(n) |<e, Ynedd

7 is called an s-translation number of »(n).

Definition 2.2( [29]) Let D be an open subset of R™, f : Z x D — R™. f(n,z) is said to be almost
periodic in n uniformly for x € D if for any ¢ > 0 and any compact set S D, there exists a positive integer
[ =1(s,5) such that any interval of length [ contains an integer 7 for which

|fin+T1.2)— f(n,z)| <s, ¥(nzxz)exS.

7 is called an e-translation number of f(n,z).
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Now, we state several lemmas which will be useful in proving our main result.

Lemma 2.1( [30]) {z(n)} is an almost periodic sequence if and only if for any integer sequence {k.}, there
exists a subsequence {k;} C {k!} such that the sequence {2:(n+k;)} converges uniformly for all n € Z as i — oc.

Furthermore, the limit sequence is also an almost periodic sequence.

Lemma 2.2( [8]) Assume that sequence {x(n)} satisfies 2(n) > 0 and)
z(n+1) < z(n)exp{a(n) — b(n)z(n)}

for n € N, where a(n) and b(n) are non-negative sequences bounded above and below by positive constants.
Then

1
limsup2(n) < 7 exp{a" —1}.
n——+oo

Lemma 2.3( [8]) Assume that sequence {z(n)} satisfies
z(n+1) > z(n)exp{a(n) — b(n)z(n)}, n > Ny,

limsupz(n) < z7,
n—¥+00

and z(Ng) > 0, where a(n) and b(n) are non-negative sequences bounded above and below by positive constants
and Ny € N. Then

n—+00 bu T hu

a! a'
liminf 2(n) > min {— exp{a' — b"x* —}

Consider the following almost periodic difference system:
r(n+1)= f(n,z2(n)), neZ™, (2.1)
where f: Z* x Sp = RK Sp = {x € R* || 2 ||< B}, and f(n,z) is almost periodic in n uniformly for = € Sp
and is continuous in 2. The product system of (2.1) is the following system:
2(n+1) = f(n,z(n), y(n+1) = f(n,y(n)). (2.2)
and Zhang [31] obtained the following Theorem.

Theorem 2.1( [31]) Suppose that there exists a Lyapunov function V(n,z,y) defined forn e Z*, | z ||< B,
| ¥ ||< B satisfying the following conditions:

Dalz—y|)<Vin,z.y) <b(| z—y|). where a,b € K with K = {a € C(R",R"):a(0) =0 and a is
increasing};

(ii) | V(n,z,y1) — Vin,zo,42) || < L[| 21 — 22 || + || w1 — y2 ||], where L > 0 is a constant;

(iii) AVi2.9)(n, 2, y) < —aV(n,z,y), where 0 < a < 1 is a constant, and

AViggy(n,z,y) =Vin+1, f(n.z), f(n.y)) — V(n.zy).

Moreover, if there exists a solutfion ¢(n) of (2.1) such that || ¢(n) ||< B* < B for n € Z7, then there exists
a unique uniformly asymptotically stable almost periodic solution p(n) of (2.1) which is bounded by B*. In
particular, if f(n,z) is periodic of period w, then there exists a unique uniformly asymptotically stable periodie
solution of (2.1) of period w.
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3. Permanence
In this section, we establish a permanence result for system (1.1), which can be found by Lemma 2.2 and 2.3.

Proposition 3.1 Assume that (1.2) holds. Then any positive solution (x1(k), X2(K),..., X,(k)) of system (1.1) satisfies

m; < hmlnfrq(ﬂ) < limsup z;(k) < M;, 1=1.2,--- .m,

k—+oo k—s+o00

where

1 L upry, &
M; = bl oxp{a + Z c -—1} mizmm{b— exp{al — b* M}, b_}

J=1g#i
Theorem 3.1 Assume that (1.2) holds, then system (1.1) is permanent.

According to Theorem 2.1, we first prove that there is a bounded solution of system (1.1), and then structure a
suitable Lyapunov function for system (1.1).

We denote by 2 the set of all solutions (z1(k), z2(k), -+, zn(k)) of system (1.1) satisfving m; < x:(k) <
M;(i=1,2,---,n)forall ke ZF.

Proposition 3.2 Assume that the conditions (1.2) hold. Then Q # &.
Proof. By the almost periodicity of {a;(k)},{b:(k)},{eci;(k)} and {d;;(k)}, there exists an integer valued
sequence {d,} with é, — oo as p — oo such that
G,,ﬁ(k‘ + 6]9) — a.,:(.-‘c), bg(k + p‘p) — bi(k), Cij(-"f + ép) — Cij(k), dij(k + 6;,) — d.lj(k‘) as p — 400.

Let ¢ be an arbitrary small positive number. It follows from Proposition 3.1 that there exists a positive

integer Ny such that
m; —e < x(k) < M; + 2, k> N,

Write x4, (k) = x;(k + 0,) for k > Ny — 6, and p = 1,2, ---. For any positive integer g, it is easy to see that
there exists a sequence {zip(k) : p = ¢} such that the sequence z,(k) has a subsequence, denoted by {zip(k)}

again, converging on any finite interval of Z as p — oo. Thus we have a sequence {y;(k)} such that
zip(k) — yi(k) for k€ Z as p — oc.

This, combining with

N S _ L _ - zi(k +8,)
:l.%(k+l—|—€}p)_xg(ﬂ.—l—ﬁp)cxp{a%(k—l—ﬁp) bi(k + 8,)xi(k +8,) + Z cij(k+3p) T8, T k55 )
i=1,2---

gives us

0+ = () e { s W)+ 3 el B =2

We can easily see that {y;(k)} is a solution of system (1.1) and m; — & < y;(k) < M; +¢ for k € Z. Since ¢ is
an arbitrary small positive number, it follows that m; < y;(k) < M; and hence we complete the proof.
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4. Stability of almost periodic solution
In this section, by constructing a non-negative Lyapunov function, we will obtain sufficient conditions for uniform
asymptotical stability of positive almost periodic solution of system (1.1).

Theorem 4.1 Assume that the conditions (1.2) hold, moreover, 0 < < 1, where

B = min {8;},

1<i<n
B = 2blm; — bI2M2 — )" [c}‘? + (L4 26FMy)c + (L+ 208 My)c + > q“f-’?&]-
G=1.j#i I=1,1#£1,j
i=1,2,---,n. Then there exists a unique uniformly asymptotically stable almost periodic solution (z4|(k), z2(k),

N of system (1.1) which is bounde / or te N ™.
(k)) of s; (1.1) which is bounded by € for all k € N+t

Proof. Let p;(k)=In=z;(k), i=1,2,--- ,n. From system (1.1), we have

epj' ( k}

I, (k) +en® (4.1)

pi(k+1) = pu(k) + as(k) = bi(k)e” B+ 3~ eyj(k)
=l

From Proposition 3.1, we know that system (4.1) have bounded solution (p;(k), p2(k),-- - , pn(k)) satisfying
Inm; <p;(k)<InM;, i=1,2---,n keZt.

Hence, |p;(k)| < A;, where A; = max{|Inm;|, |InM;|},1=1,2,--- ,n.
For X € R", we define the norm || X || = 3 |z,].
i=1

Consider the product system of system (4.1)

m (k)
| _ BV — b (e () I
Pl + 1) =plk) +aill) = bRV + 5 gy
' (4.2)
n (k)
. W (k) = bi(k)e® S ik e? 1o
q1(k+1)—%(k)+at(k) bz(k}e +j=1j#03j(mdij(k)+eth(k)’ i=1,2, ;T

We assume that Q = (pi(k),pal(k). - .pu(E)), W = (q1(k),g2(k), -+ ,gn(k)) are any two solutions of system
(4.1) defined on Z* xS*; then, |Q|| < B, ||W|| < B, where B = i{_4i+B,-}, S* = {(p1(k),pa(k),--- ,pu(k))|Inm;
i=1
<pi(n) <InM;,i=12--- nkeZt}
Let us construct a Lyapunov function defined on ZT x §* x S* as follows:

n

V(kQ.W) = (pilk) — (k).

i=1
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It is obvious that the norm ||Q — W] = Z |pi(k) — g (k)| is equivalent to ||@ — W||. = [Z{(pz(k)

that is, there are two constants e; > 0, cz > 0, such that
all@-W[ <@ - W, < el Q@ - W],

then,
(1@ - WH)2 <V(k,QW) < (e2|Q — W)

Let 4,9 & C(RY, RY), 6(z) = 32, ¢(z
Moreover, for any (k,Q, W), (k,Q,

x2; then, condition (i) of Theorem 2.1 is satisfied.

) =
W)e Z+ x §* x §*, we have

V(k, QW) -V(kQ, W)I

=S i9) - ai)? —Zm )~ T

i=1

< D (k) — ai(k))? — (i(k) — T (K))?)

1

L
i=

i3

|(pi(k) = qi(k)) + (Pi (k) —Gi(K))||(pi(K) — qi(k)) — (Pi(k) — (k)]

i=1

ZUP«: k)| + lg: (k)| + [Pi(k)| + [ge(k) ) (Ipa (k) — Pe(k)| + |g: (k) —G(k)])

3

Z [pi(k) —Pa(k)| + Z |g: (k) — T (k)]
(IIQ = QI+ W -],

(k)12

where @ = (i(k),Pa(k). - Fa(k)), W = (@(k).7a(k), - 7(k)). and L = 4max{ max {A;}. max {B,}}.

1<i<n

Thus, condition (ii) of Theorem 2.1 is satisfied.
Finally, calculating the AV (k) of V (k) along the solutions of system (4.2), we have

AVigo)(k)=V(k+1) -V (k)

=3 ik + 1) — ik +1)2 = 3 (pi(k) — qi(k))?

=1 i=1

= Z[(pf(k +1) = qi(k +1)* = (pi(k) — q:(k))*]

: — b () (P k) _ pai(k) - cij(k)dy; (k) (ePr(F) — ga1(k))
B Z { [{pt (k) — g (k) — bi(k)(e” e M) + jg;’;&i (dijgk’-) + ;P:{k)}(dz‘j (k) + ers(F))

— (k) - q,:(fcn?}
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_ { — 23 (k) (pa(k) — e () (P — e2:)) 4 BE(k) (epe(¥) — ()2
i=1

b em(B) oty N~ Cig(k)di(k)(epr ) — e ()
2b;(k)(e¥ et ®) 3 (di; (k) + eP1 ) (d;; (k) + e (P)

j=Li#i

+( (R (k) (e — e ) )
i (dij(R) + 1B (d; (k) + e )
cij(k)dij(k)(ePr k) — ea1(k))

2 k‘ J( J .

-0l Y

J=1j#1

By the mean value theorem, it derives that
B — et ) = & (k) (pi(k) — qi(k)), i=1,2,--- ,n,

where £;(k) lies between eP*(*) and (¥}, Then, we have

AVigo) (k) = Z { — 2b; (k)& (k) (pi(k) — :(k))? + bF (k)&2 (k) (pi(k) — qi(K))?
e (B (1 ey N Cia(R)dii (R)E; (k) (ps (k) — g;(k))
- BBEEEE) - 6 Z# iy (k) + e ) (dy (F) £ e P)

" ey(R)dy (R (k) (py (k) — g, (k) |
+( 2 do® iepjjk))(d,j(g)+e;(k)))

Jj=1,5#¢

e (k) ()6, (R) 0, (8) — 3,(8)
+200 i) 3

J=1,57#¢

_ Z {(_ 2b: (k)& (k) + b2 (k)€ (k)

s i) 5, (1) (k) ,
+ — Jthr:em )J(d (k )+eq;(k})2)(pé(k)_qi(k))
J=1.0

— 265 ()6 ()i (k) (£)E5 ()
23 (4 (d50) + €220 (dys () + e (P

- cus(k)d (k)& (k) LBGE ),
4+ eq5 ))

1
T2 % (@1 (F) + e ) (Ao (k) + e3) {dgy (k) + e ) (diy (k) +

(pa(k) — gs(k)) (o, (k) — qj(k))}

J=1j#1
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Z{( 2b; (k)& (k) + b2(k)E2 (k)

- % (k)d3 (k)& (k)
+3 =~ (dji(k) —I—Jem(!» ;2(d (k) + eih(k])2)(pi(k} —qi(k))?
(1 — 2B, (k)& (k))ess (F) %.,(k)gj( )
j:%e (% (5 (8) + 2100 iy ) + e H)
i1 i c1s() s (k)6 (k) c15 ()i (k)& (k) ) .
2 (du(k’) + ePr D) (dy; (k) + 940 (dy; (k) + ePsF)) (dy; (k) + eds(F))

(pa(k) — gu(R)) (p; (k) — q;(kn|}.
Then, we have

AV, 2 (k) (*Z[V;l ) + Vi ()],

where
21062 (1 - ci(k)d3i (k)& (k) 2
Vii(k) = ( — 2bi(k)&(k) + b7 (k)& (k) + jzg#i (dji(k) —l—JE’.Pt(k);Z(dﬁ(k:] + en(k))2 ) (pi(k) — qi(k))
< (_ 2bim, + b2 M? + Zn: c}‘?) (pi(k) — qa(k))?,
J=1.j#i
1N - (1 — 2b;(k)&i(k))eij(k)di; (k)E; (k)
Vath =2 2 (08 + Yty 2 o0

L1 Z“: ci (k) dii (k)& () ciy (k) diy (k)& (k) L ))) "

I=11#ij (dii(k) + E‘P‘(k]J(dﬁ(k‘) + eq‘{k)} (df_;' (k) + E’Pj{k))(d{ (k) +

(ps(k) — g:(R) (0, (F) — g (fc))|

<y ((1+2bE‘M@JCE}+ )3 c;:c;;)[(pi(m—qt-(k))h(pj(k)—qj(m)ﬁ]
G=1j 1=1,1%i,j

Hence, we have
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i3

R mn 1
AViagy (k) < { ( —2bim; + B2 M7 + ) [e;.*f +(1+26E M)l + 5 D c;;c;;] ) (pi(k) — qi(k))?

i=1 J=13#1 I=1,1#1,7
1 n
+ Z ( (1+26¥M)els + 5 > cgcg;) (p; (k) —qj(k))Z}
J=l.#i I=11#i,j
i3 i3 1 i3
1 32 7 . Ly k) (TR TS -
=) { ( —2bim; + M7+ ) [cjf +(1+ 20 My)el + 5 > cqu] ) (pi(k) — qi(k))?

i=1 j=1,j#i I=1,1i.j

n n

s Y (armngeg 3 )b - a®)?)

j=1.5#i =115,

=Y { ( —2blms +BEME + Y [c;ff + (1 + 20 M)ell; + (1 + 2% M)l

=1 i=1j#i
b3 dtet] ) - a0
I=1,1#1,j
__ { (gbgmi —bBEME— 37 e+ (14 260 Mi)el + (1+ 263 M, ),
i=1 j:‘]-r.j#l.
b3 dtet] ) - a0
I=1,1#1,j
E B {p‘l{;l) - q:(k))
=1
< =B (pilk) — ai(k))?
i=1

= AV(.Q.W),
where 5 = 11;:1'1.11:'1 {58;}. That is, there exists a positive constant 0 < 3 < 1 such that

AV (k, QW) < BV (k,Q,W).

From 0 < 5 < 1, the condition (iii) of Theorem 2.1 is satisfied. So, according to Theorem 2.1, there exists
a unique uniformly asymptotically stable almost periodic solution (p;(k), p2(k).--- .pa(k)) of (4.1) which is
bounded by S* for all k € Z*. It means that there exists a unique uniformly asymptotically stable almost

periodie solution (z1(k), za(k), - ,z,(k)) of (1.1) which is bounded by € for all £ € Z*. This completed the
proof.

Remark 4.1 If n = 2, the conditions of Theorem 4.1 can be simplified. Therefore, we have the following result.

Corollary 4.1 Letn =2, and assume further that 0 < g < 1, where

B = min{ B2, Ba1 },
Bij = 2bim; — bI2ME — 42 — (14 268 M;)cly — (1 + 2b3 M;)cy;,

i.j7 = 1,2,j # i. Then system (1.1) admits a unique uniformly asymptotically stable almost periodic solution
(z1(k). z2(k)) which is bounded by Q for all k € ZT
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5. Example and numerical simulation
In this section, we give the following example to check the feasibility of our result.

Example Consider the following almost periodic discrete Lotka-Volterra mutualism system:

;

z1(k+1) = z1(k) exp {1.2 — 0.02sin(v/2k) — (1.05 + 0.01 sin(v/3k))z (k)
(0.025 + 0.002 cos(v/5k))z2(k)  (0.02 + 0.001 cos(v/3k))z3(k) }
0.2 + 0.003 cos(v/2k) + zo(k) 0.4+ 0.03 cos(v/2k) + a3(k) |

xo(k + 1) = x2(k) exp {1.1 — 0.025sin(V/3k) — (1.08 + 0.015 sin(v/2k)) 2 (k)

1 (0.02 + 0.003 cos(v2k))z1 (k) (0.025 + 0.002 cos(v/5k) )3 (k) } (5-1)
0.3 4 0.02 cos(v/3k) + z1 (k) 0.2 + 0.07 sin(v/2k) + z3(k)
x3(k+ 1) = z3(k )0\[){1 15 — 0.03sin(V2k) — (1.1 + 0.002 sin(v/5k))z3 (k)
(0.03 + 0.0025 cos(v/3k))z1 (k) & (0.028 + 0.0015 cos(v/2k))x2 (k) }
L 0.2 + 0.004 sin(v/2k) + 1 (k) 0.2 + 0.004 cos(v/3k) + o (k) S

By simple computation, we derive

By /= 0.0102, (35 =~ 0.0089, (5~ 0.0071.
Then
0< 4'3 = mil’l{ﬁl,ﬁg,ﬁg} < 1.

Also it is easy to see that the conditions of Theorem 4.1 are verified. Therefore, system (5.1) has a unique positive almost
periodic solution which is uniformly asymptotically stable. Our numerical simulations support our results(see Fig1-3).

1.26

124 1

1.221)

E 1as}H g
B
116} (]
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112

5 10 15 20 25 30 35 40 45 50

Fig 1: Dynamic behavior of x;(k) of system (5.1) with the three initial conditions (1.12,1.16,1.21), (1.24,1.09,1.12) and
(1.19,0.93,0.97) for k € [1, 50], respectively.
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Fig 2: Dynamic behavior of x,(k) of system (5.1) with the three initial conditions (1.12,1.16,1.21), (1.24,1.09,1.12) and
(1.19,0.93,0.97) for k € [1, 50], respectively.
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Fig 3: Dynamic behavior of x3(k) of system (5.1) with the three initial conditions (1.12,1.16,1.21), (1.24,1.09,1.12) and
(1.19,0.93,0.97) for k € [1, 50], respectively.
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