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Abstract

In this paper, the existence of a unique solution of mixed integral equation (MIE) of the first kind is considered in the
space L,[-1, 1]xC (0,T ), T< 1. The integral term of position, in L,[—1, 1], has a discontinuous kernel, while the
integral term of time, in C (0,T ), has a continuous kernel. Using a numerical, we have system of Fredholm integral

equations (SFIESs) of the first find. Then, using Krein's method, the solution of the integral system is obtained in the form
of spectral relationships (SRs) of eigenvalues and eigenfunctions. Many special cases are considered and many
applications in fluid mechanics and contact problems are discussed.
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1. INTRODUCTION

Singular integral equations of the first kind have received considerable interest in the mathematical literatures, because of
their many field of applications in different areas of sciences, for example see [1- 4]. The solution of these IEs can be
obtained analytically using one of the following methods: Cauchy method [5], potential theory method [6], orthogonal
polynomials method [7], integral transformation methods [4-7] and Krein's method [8]. More information for the spectral
relationships and its using in mathematical physics problems can be found in [9-14].

Consider the MIE of the first kind

[F K ‘%‘@(y,r)dydr:m‘ (x.t)=[r (t)~f.(<)]
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k(z):I:L (v )osv 2

v, L (v):m+v, m>1
\" 1+v (1.1)

((x.y)e [-1 1] (t.7)e[0, T], T<1; 1€(0, »)).

Under the dynamic condition

I_i@(x t)dx =P(t)

(1.2)
The function L (V ) is continuous and positive for v e( O’ o ) and satisfies the following asymptotic equalities
L(v)=m—(m-1v +0O(v®), v >0,
Lv)=1-" 1.0 (%},(v s, m21).
v v (1.3)

G,v
The MIE (1.1), under the condition (1.2), can be investigated from the contact problem of a rigid surface ( ) having

-a, a f.(x) . . :
an elastic material occupying the domain [ ] where ( ) is describing the surface base of a stamp. This

i)t « [0OT] T<1

stamp is impressed into an elastic layer surface by a variable known force whose

e (t t
eccentricity of application ( ) , that case a rigid displacement 7/( ) Here, G is called the displacement magnitude
and U is Poisson's coefficient see [11,12].

In order to guarantee the existence of unique solution of (1.1), we assume, for the two constants E and D, the
following conditions:

1
dxdy} =E.

e

(i) The positive continuous kernel, which represents the resistance force of the material,
F(t,r)eC ([ O,T]x[O,T]) F(t, 7)<D.

(i) The kernel of position satisfies

and satisfies

}/(t)eC [O,T]

(ili)  The continuous function of time , while the position function f*(x)eLz[—a,a] and

f (X,t)e L, [—a,a]xC [ O,T].

(iv) The unknown potential function ( ’t) satisfies Holder condition with respect to time and Lipschitz condition
with respect to position.
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In the remainder part of this work, we use a quadratic numerical method in (1.1) to obtain linear SFIEs of the first
kind. Then, using Krein’s method, with the aid of Chebyshev polynomials of the first and second kind with its properties,
the solution of SFIEs can be obtained in the form of eigenvalues and eigenfunctions. The eigenfunctions, in this work,
take the form of Chebyshev polynomials of the first and second kind. Many special cases are derived and discussed from
the work. Moreover, some applications in contact problems and fluid mechanics are considered.

< =
2. System of FIEs. If we divide the interval [0,T], 0 <t <T<lyg O<tp<ty<<ty=T

t=t, k=012.., ¢

, when

. The MIE (1.1) takes the form, see [2]

[ Rk (x, y)qp(y,f)dydfzi;uj Bk (Y (v )dy =t (1)

2.1)

b h,=maxh. h =t ., —t u.
In (2.1) we neglect the error term, ( ! ) where ‘ b I+ }'. The constant ! defined as

the characteristic number, see [2]. Also we used the following notations
D(x,t,)=d,(x),F (t,,tj )= F.f(x.t,)=Ff,(x).

The boundary condition (1.2), becomes

*@, (x)dx =P
j a Pk (x) K (Pk are constants ), @

Let, in the kernel of (1.1), M =1 and A _)oo, such that the term (X _y) is very small , then using the famous
relation [7]

dv =-Inz +d
° v ( 4'is a constant). 2.3)

J'w Cosv Z

The formula (2.1), with the aid of (2.3), becomes

: a 1 P/ (
SUF [ I, (y)dy =70, (x), (9, () =F, ()===Du;F; ).
1= Tyl =0 (2.4)

The formula (2.4) represents linear SFIEs of the first kind with logarithmic kernel. To

obtain the solution, we use Krein’s method, see [8, 9].

2. PRINCIPAL OF KREIN’S METHOD

The corresponding solution of (2.4), under the condition (2.2), using the principal Krein’s method for even and odd
function, respectively, is given as
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U F, 0 (x) =) 4 9 0,

7r[ln—+d]\/ I Ju d“ du ut-y?

(2.5)

and
_ udu d

u; Fy, CD;(X)——deI Jo f \/ 9, (y) (2.6)
Here, in (2.5), (2.6) we define

1(w)=2 I gf,(y)dywln(gm)d_fum (y)dy | o

T 0 u2_ y2 u du 0 u2_y2
and
g,(x)=9/0)+9,(x), g;(=x)=£g,(x); D;(X)=D](x)+D;(x),

DI (—x)=x D;(X); (X e(-a,a),j=1 2,...,0,0=1 2, ..., N). (2.8)

3. METHOD OF SOLUTION
To obtain the solution of (2.5) and (2.6) we state the following theorem

Theorem 1: The spectral relationships for the SFIEs (2.4) with logarithmic kernels, under the conditions (2.3), take the
form

P,[In(2)+d] n=0

Zquj]{f _aa[—ln(x y)+d]T ()dy—
j=0

2
Ja? -y’
T, (%), (=1 2,...N. n,>1
7T () ‘ (31)
T, (x) . _ / : .
where ,j=1,2,..., v arethe Chebyshev polynomials of the first find of order n .
Proof: The proof of (3.1) depends on the following lemmas
. . N, a=1
Lemma 1: For all positive integers !, , We have
1 (-1 0) 2 2 2 (0,3) 2
I, (u)=2 {EP”" (2u?-1)+ nj u?In(z +d )P (2u*-1)
32)

Pl (x)
where i are Jacobi polynomials.
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Proof: to prove (3.2) let 9 0)=Ton (y): Top ()

be written in the form

are the Chebyshev polynomials of the first find, then (2.7) can

2 2 d u Ty (s)ds
I, (u):;[Dn[(u)+u In(a+d)aDn[(u)}, D,, (u):'fO %
u> — S
(3.3
_ T =T, (2x*-1
Using the substation S = Ut and the relation 2" 09 =Ty, (2x"-1) , we have
rt 2\ 7 2 2
D, =[ (1-t*)" T, (2t u—l)dt. 0
Usi , T () Py (x) :
sing the famous relation between Chebyshev polynomials ™ , Legendre polynomials i and Jacobi
P(“'ﬂ)( )
polynomials " , see [15]
! 2\ 72 2 _r
[,(1-t2) 72T, (1-t?y )dt _E[P o (1=Y)*+ P (1= y)] a5
2P " (x) =P, (x)=P 4(x)
the formula (3.5), yields
D, )= 2Pt (2u2-1)
2 (3.6)
Also, the first derivative of (3.6) takes the form
dD, (u
oW _, U POV (202 -1)
du ‘ L R S S A TP TN 3.7)
(@, B) —
( P Ne ( X )_ 0 for negative integer ) .
Finally, introducing (3.6), (3.7) in (3.3) , we obtain the required result.m
plas) (g LN +a+1)
W nT(1+a)
Corollaryl1:Putting, in (3.3),U =1 and then using the relation ) , we have
D, (1)=2n,In(2+d), (I'(.)is the Gamma function). 38)
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d dD
. du du ) . .
Corollary2: The value of the second derivatives is given by

n,—2

d dD 12)
o _Dg?(u):zmﬂu[pgffg(zuz_l)ﬂnﬁl)uzla ' (mz_l)}

Lemma 2: The value of the following integral

L d “szm (S)ds}

z2n,! 1 1-y Ch ( %gj J2n,
A = . . P22 l =
n, (X) \/EF(né—l) ﬂ[znﬂ -1 (nrl)(y) +y n,

(y =2x?-1Ln,=12,.;0=12,..,N)

Proof: For proving the lemma, we rewrite (3.10) in the form

A, (x)=2n 7{ up(n?l)l(zuz_l (n,+1 jusp&lzz(zuz_l)d ]

u_

Using, in (3.12), the substitution 2u? —1= Y, 2x* —1=17, tohave

)

L,
Jy -1 22 y -z 22

ifweput Y =1—(1— z)v then (3.13) yields

d Lyp d 1P(1,2) q
Ay (x) =A, (2) = 7Z'n/ (nwl)(Y) y+ﬂn/(n¢+1)jy (n,-2) (¥ )dy ﬂn,(nf+1)J. y )dy

1
A, =7 [(1- V)2 PO (1-2 v Jov
0

NG
nn[(nﬁl ! 12)
+T 1+z£1v2P [1 1z]dv
31
( Ejl v2P 1—z)v]dv.
0
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If we use the famous formulas [15]

1

PR rl( 5) _l"(a+n+1)l"(/1)l"(l’) 3 ] ye
!z (1-z) Py (1-yz)dz Tl (ar) F, ( n,n+a+ﬂ+1,/1,a+1,/1+r,2)(3.15)

and

P&“'ﬂ)(\/):[n :ajF(—n,n +a+ﬂ+l;—1_2VJ

Here, sF (. 05,05; 5, 552 ); (R.A>0,R.r >0), is the generalized hypergeometric series and F(c, f;7;2) i
the hypergeometric Gauss function, the first integral term of (3.14) becomes

(3.16)

I(l —v)? PO [1-(1-2) ]dv—\/;(

o Ty e o

Also, using the same way, the second and third integral term of (3.14), yield

J. (1- v) p )2[1 1-z v Jdv = 12 {(n;iﬁ?ﬁt’}%)ngif)(z)+%+1} (3.18)
and
A —Jz(n, -1l (7
Joa-v) iA1=z ) Jow :(nc+1()(1—i))lfi([n/+;))+(n£+1§(1—z) (319)

Introducing the three formulas (3.17) - (3.19) in (3.13) the lemma is proved.=

Finally, to prove the theorem, we write (3.11) in the Chebyshev polynomials form, for this purpose, we must consider
the following famous formulas, see [15, 16]

(i) Relation between Jacobi and Gegenbauer polynomials

n

1- P(%%)(ZXZ _1):r(n +%)F(Z)C A(x)

(154

] (947 1) r(n+3)r(4) .
Grinen) o 2- Py (2x2 1) =

A
JaxT(n +}L+1)U2”+l(x )

(ii) Relation between Chebyshev and Gegenbauer polynomials

3, mr(a)cnﬂ(x)zén(x); (n>1).

Using these famous relations in (3.11), one has
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A, (x)= (L Ten (X )),(n >1). (3.20)

\J1-x2

Introducing (3.20) and (3.3) in (2.5) , the theorem is proved.=
By using the same way, we can prove this theorem

Theorem 2: The spectral relationships for the SFIEs with the kernel defined by (2.3) and the known function is odd is
given by

0 1

: 1

SuF, {Inm+d}T2nj1(s)ds:#_1T2nﬁl(x); (n,>1,0=12,..N) (3.21)
-1

J=0
The proof of theorem 2 can be obtained directly by following the same way of theorem 1.m

4. CONCLUSION AND RESULTS
From the above results and discussion, the following may be concluded

(1) The contact problem of a rigid surface of an elastic material, when a stamp of length 2a is impressed into an elastic
layer surface of a strip by a variable P (t ) , 0 <t <T <1, whose eccentricity of application E(t),represents MIE of the
first kind.

(2) The quadratic numerical method used transforms the MIE in position and time into SFIEs in position. Moreover, the
SFIEs depend on the number of derivatives of F (t ,r) with respect to time t,t [0, T] ,T<1 .

(3) The displacement problems of ant plane deformation of an infinite rigid strip with width 2a , putting on an elastic
layer of thickness h s considered as a special case of this work when t =1, F(t,7)=1, f (x,t)=H and
®(x,1)="¥(x). Here H represents the displacement magnitude and ¥(X ) the unknown function represents the
displacement stress.

(4) The problems of infinite rigid strip with width 2a impressed in a viscous liquid layer of thickness h , when the strip
has a velocity resulting from the impulsive force v =v0e_th i =\/—_1, where V is the constant velocity , W is the
angular velocity resulting rotating the strip about z-axis are considered as special case of this work , when F (t ,r) =
constant , and T =1 see [4] .

(5)In the discussion (3) and (4) , when h — 00 | this means the depth of the liquid ( Fluid mechanics ) or the thickness
of elastic material (contact problem ) becomes an infinite .

(6)The three kinds of the displacement problem, in the theory of elasticity and mixed contact problems, which discussed
in [4,7] ,are considered special cases of this work .

(7) Many important relationships can be derived from (3.1)
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int in’

If n;=2m;, —=—>=, —Z_ And if n;=2m;+1, == , =
a sing a sing a tangy a tang
following SFIEs
4 a
- 1
uF , || In———=+d |y, (&)dE=h, (n
The above system leads to the following SRs
sinZ
. Ty, | =2 |cos(2)dn [ 2P, (Ing2z+d)
iFTIn ! +d ‘\sing &
UiFj. - = sins
o pra z‘sm%”‘ \/Z(cosn—cos(x) %Tm”[sini] m,>1/=12,..,N
¢ 2
and
tanZ
2 n
. T 1 szj+l{tan3’}coszdn z tan <
ZUJFJIJ. In . Ep :2 1T2mj+l _i
=0 % 2‘5m7‘ 2(cosn —cosa) m, + tan <
(ii) Differentiating (3.1) with respectto X , we have
( aT (¥ d
ZUJ—FJ'(J' m(a) 2y ZzﬂUnFl(%) nle
j:O —-a y —X a —y
Vi a
dy
Zquj/I ——=0

where U n, (ﬁ) are the Chebyshev polynomials of the second kind.

T tan 7
M| tang

¢ a
F. =
,-Zou' M_'[CO * 2(cosyp—cosar)

Also (4.4) yields

cos(%)d n
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.
0 n,=0
{ = 2cosec (£)U tan 3 n, =2m (4.5)
- 2 2m,-1 tan% 4 ¢ J :
tan 2 Sina 2m, -2
2| cosec (2 )U Z i 4(-1) ——|tane | n,=2m, -1
[ () zmi_l(tangJ ( )1+cosa[ ¢ } ‘ !
\

¢
cosec (% )sec’ (%)U né_{ fan 2 ] n>1

sec(%).tan(%) n,=0

1 L secZ.cotZ= tan 2
=>u.F, 2 Z_ T, 2 \dp =
ZJZ;) b J;\/ "i| tan<

= 2(cosn —cosa)

(8) The mixed integral equation with Carleman kernel can be established from this work by using the following relation

Injx —y|[=h(x,y)x-y|["; O<v<l, (4.7)

1Y
where h(X, y) = ‘X - y\ In\x - y\ is a smooth function. The importance of Carleman kernel came from the

work of Arutiunion [17] who has shown that, the contact problem of nonlinear theory of plasticity, in its first
approximation reduce to FIE of the first kind with Carleman kernel .

(9) The relation between the eigenvalues n and the corresponding Chebyshev ponnomiaITn are obtained in the
following figures

19 1

06|06 o4 o

Fig. 1 n=5 Fig.2: n=10
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