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ABSTRACT 

In this paper, we consider an almost periodic multispecies discrete Lotka-Volterra mutualism system. We first obtain the 

permanence of the system by utilizing the theory of difference equation. By means of constructing a suitable Lyapunov 

function, sufficient conditions are obtained for the existence of a unique positive almost periodic solution which is 

uniformly asymptotically stable. An example together with numerical simulation indicates the feasibility of the main 

result. 

 

General Terms 

Stability and asymptotics of difference equations 
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1. INTRODUCTION 

The mutualism system has been studied by more and more scholars. Topics such as permanence, global attractivity and 

global stability of continuous differential mutualism system were extensively investigated(see[1-6] and the references 

cited therein). Xia, Cao and Cheng [1] studied a Lotka-Volterra type mutualism system with several delays 



Vol-2, Issue-6  PP.  995-1008                                                                                                   ISSN: 2394-5788                                     

              

 

996 | P a g e  3 0  J u n e  2 0 1 5                    w w w . g j a r . o r g  

 

Some new and interesting sufficient conditions are obtained for the global existence of positive periodic solutions of the 

mutualism system. Their method is based on Mawhin’s coincidence degree and novel estimation techniques for the a 

priori bounds of unknown solutions. In addition, some recent attention was on the permanence and global stability of 

discrete mutualism system, and many excellent results have been derived(see [7-12] and the references cited therein). 

Chen [8] studied a discrete mutualism model with time delays 

 

Sufficient conditions are obtained for the permanence of the above discrete model. Recently, as far as the discrete 

multispecies Lotka-Volterra ecosystem is concerned(see [11-20] and the references cited therein). Zhang et al. [12] 

studied an almost periodic discrete multispecies Lotka-Volterra mutualism system 

 

Sufficient conditions are obtained for the existence of a unique almost periodic solution which is globally attractive. 

Specially, for the discrete two-species Lotka-Volterra mutualism system, the sufficient conditions for the existence of a 

unique uniformly asymptotically stable almost periodic solution are obtained. Chen [13] studied the dynamic behavior of 

the discrete n + m-species Lotka-Volerra competition predator-prey systems 

 

Sufficient conditions which ensure the permanence and the global stability of the systems are obtained; for periodic case, 

sufficient conditions which ensure the existence of a globally stable positive periodic solution of the systems are obtained. 

In real world phenomenon, the environment varies due to the factors such as seasonal effects of weather, food 

supplies, mating habits, harvesting. So it is usual to assume the periodicity of parameters in the systems. However, if the 

various constituent components of the temporally non-uniform environment is with incommensurable (non-integral 

multiples) periods, then one has to consider the environment to be almost periodic since there is no a priori reason to 

expect the existence of periodic solutions. For this reason, the assumption of almost periodicity is more realistic, more 

important and more general when we consider the effects of the environmental factors. In fact, there have been many nice 

works on the positive almost periodic solutions of continuous and discrete dynamics model with almost periodic 

coefficients(see [6,11,12,21-27] and the references cited therein). 
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Motivated by above, in this paper, we are concerned with the following multispecies discrete Lotka-Volterra 

mutualism system 

 

where {ai(k)}, {bi(k)}, {cij(k)} and {dij(k)} are bounded nonnegative almost periodic sequences such that 

 

By the biological meaning, we will focus our discussion on the positive solutions of system (1.1). So it is assumed 

that the initial conditions of system (1.1) are the form: 

xi(0) > 0, i = 1, 2, · · · , n.                                                                             (1.3) 

One can easily show that the solutions of system (1.1) with the initial condition (1.3) are defined and remain positive for 

all n ∈  N 
+
 = {0, 1, 2, 3, … }. 

To the best of our knowledge, this is the first paper to investigate the uniformly asymptotical stability of positive 

almost periodic solution of multispecies discrete Lotka-Volterra mutualism system. The aim of this paper is to obtain 

sufficient conditions for the existence of a unique uniformly asymptotically stable almost periodic solution of system (1.1) 

with initial condition (1.3), by utilizing the theory of difference equation and constructing a suitable Lyapunov function 

and applying the analysis technique of papers [10, 11, 21]. 

The remaining part of this paper is organized as follows: In Section 2, we will introduce some definitions and 

several useful lemmas. In the next section, we establish the permanence of system (1.1). Then, in Section 4, we establish 

sufficient conditions to ensure the existence of a unique positive almost periodic solution, which is uniformly 

asymptotically stable. The main result is illustrated by an example with a numerical simulation in the last section. 

2. Preliminaries 

First, we give the definitions of the terminologies involved.
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Now, we state several lemmas which will be useful in proving our main result. 

 

Furthermore, the limit sequence is also an almost periodic sequence. 

 

 

 

Consider the following almost periodic difference system: 
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3. Permanence 

In this section, we establish a permanence result for system (1.1), which can be found by Lemma 2.2 and 2.3. 

Proposition 3.1  Assume that (1.2) holds. Then any positive solution (x1(k), x2(k),…, xn(k)) of system (1.1) satisfies 

 

where 

 

Theorem 3.1  Assume that (1.2) holds, then system (1.1) is permanent. 

According to Theorem 2.1, we first prove that there is a bounded solution of system (1.1), and then structure a 

suitable Lyapunov function for system (1.1). 

 

 

This, combining with 

 

gives us 
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4. Stability of almost periodic solution 

In this section, by constructing a non-negative Lyapunov function, we will obtain sufficient conditions for uniform 

asymptotical stability of positive almost periodic solution of system (1.1). 

 

Theorem 4.1  Assume that the conditions (1.2) hold, moreover, 0 < β < 1, where 

 

 

 

Consider the product system of system (4.1) 
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By the mean value theorem, it derives that 
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Then, we have 

 

where 

 

 

Hence, we have 
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Remark 4.1  If n = 2, the conditions of Theorem 4.1 can be simplified. Therefore, we have the following result. 

Corollary 4.1  Let n = 2, and assume further that 0 < β < 1, where 
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5. Example and numerical simulation 

In this section, we give the following example to check the feasibility of our result. 

Example Consider the following almost periodic discrete Lotka-Volterra mutualism system: 

 

By simple computation, we derive 

 

Then 

 

Also it is easy to see that the conditions of Theorem 4.1 are verified. Therefore, system (5.1) has a unique positive almost 

periodic solution which is uniformly asymptotically stable. Our numerical simulations support our results(see Fig1-3). 

 

Fig 1: Dynamic behavior of x1(k) of system (5.1) with the three initial conditions (1.12,1.16,1.21), (1.24,1.09,1.12) and 

(1.19,0.93,0.97) for k ∈  [1, 50], respectively. 
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Fig 2: Dynamic behavior of x2(k) of system (5.1) with the three initial conditions (1.12,1.16,1.21), (1.24,1.09,1.12) and 

(1.19,0.93,0.97) for k ∈  [1, 50], respectively. 

 

Fig 3: Dynamic behavior of x3(k) of system (5.1) with the three initial conditions (1.12,1.16,1.21), (1.24,1.09,1.12) and 

(1.19,0.93,0.97) for k ∈  [1, 50], respectively. 
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